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Abstract

The present thesis aims to introduce the concept of invariance pressure for contin-
uous and discrete-time control systems, a measure which generalizes the invariance
entropy and can be understood as a weighted average of the total quantity of informa-
tion that the controls acting on the system produces such that their trajectories starting

in a subset K C () remain in the given set ().

We present the main properties of this quantity, as well as lower bounds (when
K and @) has positive Riemannian volume) and upper bounds (when @ is a control
set). At the end of the work, we establish two variations of the concept of invariance
pressure, which we call inner invariance pressure and topological feedback pressure,
and we show the equivalence between these quantities for strongly invariant sets, and

relate them to the transmission data rates.

Keywords: Control systems, Control sets, Invariance entropy, Invariance pressure.



Resumo

A presente tese tem por objetivo introduzir o conceito de pressdo de invaridncia
para sistemas de controle em tempo continuo e discreto, uma medida que generaliza a
entropia de invaridncia e pode ser entendida como um valor ponderado da quantidade
total de informacdo que os controles que atuam sobre o sistema fornecem para que as

trajetorias comecando em um subconjunto K C () permaneca no dado conjunto Q.

Apresentaremos as principais propriedades desta quantidade, além de limitantes
inferiores (quando K e () tem volume Riemanniano positivo) e superiores (quando
() é um conjunto controldvel). No fim do trabalho, estabelecemos duas variagdes da
pressdo de invariancia, as quais chamamos de pressdo de invaridncia interna e pressao
topoldgica de feedback, e mostramos a equivaléncia entre estas quantias para conjun-

tos fortemente invariantes, além de relacioné-las com taxa de transmissdo de dados.

Palavras-chave: Sistemas de controle, Conjuntos controlaveis, Entropia de invar-

idncia, Pressdo de invariancia.
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INTRODUCTION

In 1865, the German physicist and mathematician Rudolf Clausius, one of the pio-
neers of thermodynamics, developed the concept of entropy, which is a measure of the
degree of "disorder" of a thermodynamic system in equilibrium. Since then, other con-
cepts of entropy have been proposed in several areas of science, such as in Information
Theory where the American engineer Claude Shannon defines entropy as the average
information associated with an alphabet A whose elements are symbols transmitted

by communication channel.

On the one hand, along the development of ergodic theory, the Soviet mathemati-
cians Andrey Kolmogorov and Yakov Sinai, inspired by works of Shannon, proposed
in 1958-1959 (cf. Kolmogorov [29], [30] and Sinai [35]) the well-known (metric) entropy
h,(T) of a measurable map 7' : X — X on a probability space X that preserves a mea-
sure of probability ;.. Their objective were to provide an ergodic equivalence invariant

that, for example, would allow us to distinguish two Bernoulli shifts.

As early as 1965, Adler, Konheim and McAndrew [2] introduced the topological
entropy hp(T') of a continuous map 7' : X — X on a compact topological space X
whose definition is given in terms of open covers of X. The mathematician Rufus
Bowen provided, in 1971, a new definition of topological entropy of a continuous map
T on a metric space (X, d) (not necessarily compact) via separable and spanning sets
(see Bowen [4]). Such a definition allows us to interpret h,(7) as a precise numerical
measure of the global exponential complexity in the orbital structure of a topological

dynamic system.
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In order to establish a concrete relationship between h,,(1") and h(T'), in the years
1970 and 1971, Dinaburg [18], [19] and Goodman [20] have proved the variational prin-

ciple for continuous maps 7" over a compact metric space X:

hiop(T') = sup{h,(T')},

where the supremum is taken over all measures of probability ; invariant by 7T'.

On the other hand, the centenary theory of Equilibrium Statistical Mechanics was
consolidating. Briefly, this theory aims to understand, through a probabilistic ap-
proach, the relations between the salient macroscopic characteristics observed in a sys-
tem of particles at equilibrium and the properties of their microscopic constituents. We
can visualize this in the Ising model which, in the magnetization study, is described
by a lattice that is a finite subset A of Z¢ where at each point z of the lattice we can
associating the values +1 (—1 means that the particle x has spin down, +1 means that
the spin points up).

Thus, a system configuration is an element of the configuration space 2 := {—1, +1}*,
and an equilibrium state, mathematically represented by a measure of probability in 2,
describes a macroscopic configuration of the system that can be physically observed,
such as Gibbs free energy, heat or pressure, many of which can be viewed as weighted
averages of the quantities defined in terms of the constituents of the system (the sum
of the energies of the molecules, for example). In addition, the equilibrium states are

characterized by minimizing these macroscopic configurations.

Since ergodic theorems depend on a previously fixed invariant measure by the sys-
tem, one of the problems of Equilibrium Statistical Mechanics is to choose an invariant
measure to analyze the system in order to apply the results of ergodic theory. Another
relevant problem in this area is that: as macroscopic configurations of the system, such
as pressure, can be seen mathematically as weighted averages, what weight over the

constituents of the system should we use?
To exemplify what we are saying, in the Ising model, suppose that the set (2 is finite

and write Q = {wy,...,w,}. Let f(w;) be the total energy of the system in the state w.

In this case, f would be a weight assigned to the configuration w; of the molecules of
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the system and

Z(P)

is called the Gibbs measure, which minimizes the free energy of the system in question,

p(wi) ==

where 8 = (kgTs)~! with kp being the Boltzman constant, T, the temperature of the

system in equilibrium and Z(3) = Z e~ Pfw),
i=1
An excellent tool for the problem above (where weights and probability measures

are considering) was developed by the Belgian physicist and mathematician David Ru-
elle who introduced in [34] the concept of pressure for expansive actions on compact
subsets of Z¢ and proved the variational principle for the pressure, thus providing a
good way of choosing measures that minimize macroscopic configurations of parti-
cles systems, which are precisely the states of equilibrium. Then, this concept was
generalized by Peter Walters in [38] for continuous maps on compact metric spaces,
formalizing what we know today as topological pressure of a continuous maps. Since
then, this idea of pressure has been adapted in other contexts, such as Pesin and Pitskel

[33], Bogenschiitz [3], Zeng, Yan and Zhang [22] and [41].

Already in the control systems environment, the seminal article of Nair, Evans,
Mareels and Moran [32] gave rise to the concept of topological feedback entropy as an
inherent measure for the rate at which a control system generates stability information.
This concept was defined for discrete-time control systems in terms of invariant covers
of a given subset K of the state space X, based on ideas similar to those presented in

[2] for continuous maps on compact spaces.

Inspired by the concept of topological feedback entropy, in 2009 Colonius and Kawan
[9] introduced the invariance entropy of a admissible pair (X, ()) for continuous-time
control systems in terms of spanning sets, similarly to [4]. This quantity measures the
exponential growth rate of the minimal number of different control functions sufficient
for that the trajectories of the system to remain in () when they start in X' C (), as time
tends to infinity. The relation between these two types of entropy was established in
[10] by Colonius, Kawan and Nair, where it is shown that these two quantities coin-
cide in the case of strongly invariant sets. The invariance entropy has been widely
studied since then, as we can see in Kawan [25], da Silva [13], [14], Colonius, Fukuoka

& Santana [8] and da Silva & Kawan [15], [16].
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In this work we introduce the invariance pressure for control systems in both dis-
crete and continuous-time. In order to give an overall outline of invariance pressure,

consider the continuous-time control system
(t) = F(z(t),w(t)), welU

on a differentiable manifold M. Denoting by U C R™ the set where the controls w :
R — U take values, we can consider a weight f : U — R on these control values
in the following way: given w € U and 7 > 0, let (S, f)(w) := [ f(w(t))dt. Thus, if
(K, Q) is an admissible pair and S C U is a (7, K, ))-spanning set, then Z e(SrHw)

weS
represents the total quantity of weighted information that the controls in S produce up

to time 7 so that the system remains in () when it starts in /K. This information depends

obviously on the weight f and what the control functions represents in the system.

In order to optimize this quantity, that is, the weighted information necessary for

accomplishing the control task on [0, 7], consider

a.(f, K,Q) := inf {Z e D). S (1K, ())-spanning set} .

wES

The invariance pressure of the system is defined as

P (f, K, Q) := lim sup% loga.(f, K,Q)

T—00

and it can be interpreted as the exponential growth rate of the quantity of total weighted
information produced by the control functions acting on the system in order to its
trajectories remains in (), once started in K, as time tends to infinity. When we do
not weight the control values, that is, if f = 0, where 0 is the null function, then
Pinv(0, K, Q) coincides with the (strict) invariance entropy defined in [9], hence the in-

variance pressure is a generalization of the concept of invariance entropy.

This work is divided as follows: In Chapter [I|we have established the basic notions
for the development of the thesis, such as differentiable manifolds, control systems and
invariance entropy. In this sense, both continuous and discrete-time control systems
are presented, as well as the invariance entropy for each of these systems with their

respective variations, such as the topological feedback entropy and the outer and inner
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invariance entropy.

In Chapter 2| we introduce the main concept of this work: the invariance pressure.
In this chapter we will study the pressure only for continuous-time control systems
and explore the basic and elementary properties which this quantity has in relation to
each of its arguments, making a parallel with the properties of the topological pressure
for dynamic systems, in addition to proving the invariance of this amount by time-
invariant conjugacy.

Also for continuous-time, in Chapter 3| we derive some results on the computation
of invariance pressure P, (f, K, ()) of a admissible pair (K,() and f : U — R, where
() satisfies some particular control properties, such as isolated sets, inner control sets
and control sets. The last section of this chapter is devoted to presenting some lower
bounds for Py (f, K, Q) for systems over a Riemannian manifold, where both K and

() have positive Riemannian volume.

In Chapter [ of the present thesis aims to prove the Theorem that generalizes
the Theorem 3.1 of [10] that relates the topological feedback entropy and the invariance
entropy of strongly invariant sets. For this, we define, in the first two sections, the
concepts of topological feedback pressure and the inner invariance pressure in order
to generalize those concepts of entropy, respectively. The last section of this chapter
generalizes the concept of data rate presented in [32] in order to establish a relationship

between data rates and topological feedback pressure.



CHAPTER 1

PRELIMINARIES

This chapter is dedicated to establish some notions on discrete and continuous-time
control systems and invariance entropy, which are the main objects of this work. Since
the space state of a continuous-time control system is a smooth manifold or, in some
cases, a Riemannian manifold, in the first section we provide the necessary background
on these objects which is needed in this work and in the second section we present a
short comment about topological pressure witch generalizes the topological entropy
(for dynamical systems) as well as the invariance pressure generalizes the invariance

entropy for control systems.

1.1 Differentiable Manifolds

The main goal of this section is to establish the notations and the elementary notions
of differentiable manifolds necessary for the present work. The main references used

in this section are Abraham et al. [1], Lima [31] and do Carmo [17].

Let M be a topological space. A chart for M is a pair (¢, U) such that U is an open
subset of M and the map ¢ : U — V is a homeomorphism onto an open subset V of R?
for some d € N, which is called the dimension of (¢, U). A chart (¢, U) is said to be a
chart around = € M if + € U. A family of d-dimensional cards A = {(¢a, Us)}aca ON

M is called a C*°-atlas of dimension d if
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i) {Uq}taea covers of M;

ii) For all a, 8 € A, the transition map ¢s o ¢, : ¢ (Us N Up) — ¢5(U, N Up) is of

class C*.

A d-dimensional chart (¢, U) for M is admissible relatively to an atlas A = {(¢a, Us) }aea
of dimension d on M if for all « € A with U N U, # 0, the transition maps ¢ o ¢! and
P 0 ¢~ are of class C*°. We say that a d-dimensional atlas A = {(¢a, Us) taca on M is

maximal if all admissible d-dimensional charts relatively to A are contained in A.

A pair (M, A) is a d-dimensional differentiable manifold (of class C*°) or simply
manifold if the set M a second-countable Hausdorff space provided with a maximal
C°-atlas of dimension d. The natural number d is called the dimension of M and A is

a differentiable structure on M.

It is easy to see that the d-dimensional euclidean space R? is a manifold. Every open
subset NV of a d-dimensional manifold (A, A) is itself a d-dimensional manifold with
atlas {(¢|unn,U N N); (¢,U) € A}. Given two differentiable manifolds (M, .A) and
(N, B) of dimensions k and [ , respectively, their Cartesian product M x N (endowed
with the product topology) becomes a (k + [)-dimensional manifold with the maximal
atlas which contains the product atlas {(¢ o, U x V); (¢,U) € Aand (¢,V) € B}. A

manifold of this type is called a product manifold.

A map f : M — N between two differentiable manifolds (), .A) and (N, B) is
differentiable at © € M if there are charts (¢,U) € A around x and (¢, V') € B around
f(x) such that f(U) C V and the local representation ) o f o ¢~ : ¢(U) — (V) of f
is differentiable (of class C*°) on ¢(z). We can see that this definition does not depend
on the choice of charts. We say that f : M — N is differentiable if itis atall z € M. A
differentiable bijection f : M — N whose inverse f~! : N — M is also differentiable is

called diffeomorphism.

A curve on a manifold M is a differentiable map ¢ : I — M defined on an open
interval I of R. Let z be an element of a d-dimensional manifold (M, .A4) and denote
by C, the set of all curves ¢ : I — M such that 0 € [ and ¢(0) = z. Given ¢ € C,
and a chart (¢,U) € A around x, whenever we write ¢ o ¢ we are admitting that the

domain of ¢ was consciously reduced to a smaller open interval I/, containing 0, such
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that ¢c(I") C U. On C, we can define the following equivalence relation ~:

e & 3G.U) €A Spoe)n)] = wooe))

-0 =0

It is worth noting that the equality < (¢ o ¢;)(t)]i—0 = %(¢ © ¢2)(t)]i—o is independent on
the choice of chart. Then we say that the equivalence class [c] of a curve ¢ € C, is a
tangent vector at z. The quotient set C,/ ~ is indicated by 7, M and is called tangent

space at x.

The set T, M has a natural structure of a real vector space by requiring that given
(¢,U) € A, the well-defined bijection ¢ : T,M — R?, ¢([c]) = £(¢ o c)(t)|;=o is an
isomorphism. The operations so defined does not depend on the choice of (¢, U). The
preimages of the standard basis vectors ey, ...,e? € R? under ¢ form a basis of T, M.

They are denoted by 3%17 s 8%1.

The set
T™ = | ({z} x T, M)

zeM
is the tangent bundle of M and it can be endowed with an atlas in a canonical way

such that it becomes a 2d-dimensional manifold (see [1, Section 3.3]).

Given a differentiable map f : M — N between the manifolds M and N, the
derivative of f at v € M is the well-defined linear map d,f : T,M — Ty N given
by d, f([c]) = [f o .

A vector field on a manifold M is a map X : M — T'M such that for each z € M,
X(x) € T, M. The vector field X on M is differentiable (of class C*) if X : M — T M
is differentiable as a map between the manifolds M and T'M. This concept allows us
to study ordinary differential equations on a manifold: given a vector field X on M,

there is an ordinary differential equation associated to X in the natural way

d
—a(t) = X (w(t)).

A Riemannian metric on a connected manifold M is a correspondence g which
associates to each point + € M an inner product g(-,-),, that is, a symmetric, bi-
linear, positive-definite form on the tangent space 7, M which varies differentiably

in the following sense: if (¢,U) is a chart around = with y = ¢ '(zy,...,24) and
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dy¢1(0,...,1,...,0) = %(y), then g; j(x1,...,2q) = g(a%i(y), 8%j(y))y is a differen-
tiable function on ¢(U). It is not difficult to see that this definition does not depend on
the choice of chart. It is possible to show that all differentiable manifold has a Rieman-
nian metric. A Riemannian manifold is a manifold M endowed with a Riemannian

metric g, and we represent it by a pair (M, g).

Let (M, g) be a d-dimensional Riemannian manifold. To each chart (¢, U) of M one

can associate d° differentiable functions Fﬁ iU —=Rby

ng — Ikl <8Qi,l 99;, i agi,j)

2 \ 9 | s | 94

These functions are called the Christoffel symbols of (), g) with respect to the
chart (¢, U) and they satisfies I’} ; = T'¥ . Using the Christoffel symbols, one can define
the Levi—Civita connection associated with (1, g), which is an operator assigning to a

pair (X,Y) of Vector tields a vector field VxY. Locally, we can write any vector fields

XandYas X = Z:XZ 9 andY — ZYjaﬂ. Then VxY is defined by

T
Z -1 J

(T )a) = X'(a) (VT o) o) + G015 (0)).

Hence, given a vector field X on M, we can assign its covariant derivative at = €
M, VX(x): T,M — T,M by VX(z)v := (V,X)(z). Moreover, one can define the
divergence of a vector field X on M by divX (z) := tr (VX (x)) which is a differentiable

function from M to R.

The Riemannian volume of a Borel set A of a d-dimensional Riemannian manifold

(M, g) which is contained in the domain of a chart (¢, U) is defined as

vol(A / \/det [9i(p7 1 (x))]dx,

where the integral is the usual Lebesgue integral on R?. This definition is independent

of the chosen chart. Then vol is extended naturally to all Borel subsets of M and it

holds that
/ © dvol = / @ o fldetdfl|dvol,
f(A) A

for all diffeomorphism f : M — M and all integrable function ¢ : M — R.
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Remark 1.1.1. For a real nonsingular d x d matrix A, |det A| is given in terms of the product

between the singular values of A (see [12} Section 11.3]).

1.2 Topological Pressure

In this section we present the concept of topological pressure of a continuous map
T :X — X, where (X, d) is a compact metric space. The main references that we use

here are Walters [39] and Viana and Oliveira [37]].

Given n € N and ¢ > 0, we say that a subset F of X is a (n, ¢)-spanning set for X

with respect to 7' if
VeeX, dyeF,; dTx,Ty)<e, Vie{0,...,n—1}.

Denote by C(X,R) the space of real-valued continuous function of X. For f €
C(X,R) and n € N, we denote > f(T?z) by (S,f)(z). Then, if f € C(X,R),n € N

and ¢ > 0 put

Qn(T, f,e) :=inf {Z e N@): Fisa (n, £)-spanning set} :

zeF

Now, define

Q(T, f,e) := limsup%log Qn(T, f,e).

n—o0
Definition 1.2.1. The topological pressure of T relative to f, denoted by P,op (T, f), is
defined as

Pop(T, f) = Im Q(T f.2).

Note that if 0 is the null function in C(X,R), then Q,(7,0,¢) coincides with the
smallest cardinality of any (n, €)-spanning set for X with respect to 7', which we denote
by r,(e, X). Hence the topological pressure of 1" relative to 0, P, (7', 0), is equal to the
topological entropy of 7', which we denote by h, (7') (see [39) Sect. 7.2]).

We also can get the topological pressure of 7' in another way: given a natural num-
ber n and ¢ > 0 we say that £ C X is a (n,)-separated set of X with respect to T’
if

Vo,y€ E, v #y=d(T'z,Ty) >¢, Vic{0,...,n—1}.
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For f € C(X,R),n € Nand ¢ > 0 put

zel

P,(T, f,e) :==sup {Z @ Fis a (n,c)-separated set} .

Note that if 0 € C(X,R) is the null function on X and s, (e, X) denote the largest
cardinality of any (n,)-separated subset of X with respect to 7', then P,(7,0,e) =
sn(€, X). Now, let

P(T, f,e) := limsup % log P,(T, f,¢).

n—oo

The equivalence between the definitions of topological pressure via spanning and
separated sets is given in the following theorem whose proof can be found in [39, The-

orem 9.1].

Theorem 1.2.2. If f € C(X,R), then Pop (T, f) = lin% P(T, f,e).

1.3 Control Systems

This section is based on the references of Colonius and Kliemann [11], Sontag [36] and
Kawan [27]. Here, we present the basic notions of continuous and discrete-time control

systems for our work.

1.3.1 Continuous-time control systems

A continuous-time control system on a connected smooth manifold M is given by a

family of differential equations
(t) = F(z(t),w(t)), weld (1.3-1)

parametrized by control functions (or simply controls) w : R — R™ that lies in a set of

admissible control functions
U ={w:R—=>R" w(t) €Ua.e.} (1.3-2)

where U is a nonempty compact subset of R™ called control-valued space. We require

that the map F' : M x R™ — TM is differentiable and, for each u € U, the map
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F.(-) :== F(-,u) is a differentiable vector field on M. In the literature, it is usual to call
the map F' the right-hand side of the control system.

Once we fix an initial condition z; € M and a control w € U, the assumptions on
F implies that there is a (locally) unique solution (-, z,w) of [1.3-1with (0, z, w) = 2.
Since in the study of invariance entropy and invariance pressure are considered only
solutions that does not leave a compact set (or a e-neighborhood of it), we may assume

that all the solutions are defined for all t € R, allowing us to define the map

v RxMxU — M
(1.3-3)

(t,z,w) +— @(t,z,w) '

Along the text we denote by X = (R, M, U,U, ) a continuous-time control system
1.3-1

In many cases we will fix one or two of the arguments of ¢. In order to stress which
arguments are fixed, we use the notation ¢, (¢, x) = ¢ (z) = ¢i(z,w) = (¢, z,w). For
eachw € U, the map ¢, : R x M — M is continuous and if ¢ € R, then ¢, ,, : M — M is
a homeomorphism (see [24, Theorem 1.2.10 and Corollary 1.2.12]). Moreover, for ¢ > 0,

¢(t, z,w) does not depend on the values of w outside of [0, ).
Example 1.3.1. Denote by R™ *™2 the set of all m; x mq matrix with entries in R. A control
system in M = R? is linear if the dynamics is given by

#(t) = Ax(t) + Bw(t), (1.3-4)

where A € R gnd B € R¥™™, For x € R% and w € U, we can see that, in this case, the

(unique) solution of [1.3-4|such that ©(0,z,w) = x is
t
o(t, z,w) = e +/ e =4 Bu(s)ds.
0

Example 1.3.2. Let Xy, Xy, -, X,, be differentiable vector fields on M. A control system
is called affine if the control range U is a compact and convex set and the right-hand side
F has the form

F(z,u) = Xo(x) + Z w X (),

where u = (uy,--- ,uy,) € U. The vector field X is called the drift vector field and
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Xy, - -+, X, the control vector fields of the control system, respectively.

We can define a continuous-time dynamical system ¢ on the set ¢/ putting 6 : R x

U—U,I(tw) = b, where () := w(- +t). The map 0 is usually called shift flow.

Remark 1.3.3. In the affine control system case, if we assume that U is convex and U is a
subset of the set of all the essentially bounded functions L>(R, R™) (which is the dual of the set
of the integrable functions L*(R,R™)), then U is compact and metrizable in the weak* topology
of L(R,R™) = (L'(R,R™))*. A metric compatible with the topology is given by

L b falw(t) — ), aa()dt]
dy(w,v) = ; 261+ | o lw(t) — v(t), zi(t))dt|’

where {xy} is an arbitrary countable dense subset of L*(R,R™) and (-,-) denotes an inner
product in R™. Moreover, the shift flow 6 is continuous (see [11, Lemma 4.2.1 and Lemma

4.2.4]).

Remark 1.3.4. The map  satisfies the cocycle property, that is, for each s,t € R, x € M and
weld

ot +s,z,w) = o(t, (s, 7,w), w).

Remark 1.3.5. In the case of affine control systems, we can define the control flow ¢ : R x
M xU — M x U of ¥, which is given by the skew product of the solution ¢(t,x,w) and the
shift flow, i.e.,

Dt (2,0)) = (p(t, 2, w), o).

In fact, under some assumptions, ® defines a continuous dynamical system on M x U (see [11],

Lemma 4.3.2]).

From now, we introduce some useful qualitative notions in order to analyze the
behavior of a control system. Given 7 > 0 and = € M, we start by defining the set of

points reachable from z up to time 7:
OL (z):={yeM;3tel0,7], weU withy = p(t,z,w)}.

The set O (z) := U OZ, (z) is called the positive orbit of 2. Moreover, we define the

7>0
set of points controllable to  within time 7 and the negative orbit of z, respectively,
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by

O, (z) ={ye M; 3t €[0,7], w e U withz = p(t,y,w)}, and O™ (z) := U O, (z).

In studying the controllability of a control system ¥, the notion of local accessibil-
ity plays a key role, mainly to explore some properties of control sets (which we will
introduce below). We say that X is locally accessible from = € M if intOZ () are both
nonempty, for all 7 > 0. If this condition holds for all x € M, then we say that ¥ is

locally accessible.

A set Q C M, is called controlled invariant if for all x € @) there exists w € U such
that p(t,z,w) € Q forall t > 0.

Remark 1.3.6. For an affine control system ¥ and a compact controlled invariant set () C M,

the forward lift of () to M x U defined as
Q= {(z,w) € M x U; p(R,,z,w) C Q},

is a compact forward-invariant set for the control flow, that is, ®,(Q) C Q for all t > 0 (see
[27, Proposition 1.10] for the proof).

A controlled invariant set D C M is called a control set for X if satisfies D C O*(x)
for all x € D (approximate controllability) and D is a maximal controlled invariant set
with this property. The following result, whose proof can be found in [11, Proposition

3.2.3 and Lemma 3.2.13], collect some good properties of control sets.

Lemma 1.3.7. For a control set D C M, the following holds:

i) D satisfies the no-return property, i.c.,
Vee DV >0Vw el : p(r,z,w) € D = ¢([0,7],z,w) C D.

If additionally D has nonempty interior, then it holds that
it) If ¥ is locally accessible on M, then D is connected and intD = D.

iii) If ¥ is locally accessible from y € intD, then y € O (z) forall x € D.
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iv) If ¥ is locally accessible from all y € intD, then intD C O™ (z) for all x € D, and for

every y € intD one has D = O+ (x) N O~ (x).

A sufficient condition to ensure local accessibility of a control system is that it sat-
isfies the accessibility rank condition: set 7 = {F,,; u € U} and denote by L the Lie

algebra generated by F, the accessibility rank condition requires that
Lr(z)=T,M, Yze M,

where Lr(z) = span{F(z); F' € Lz} C T, M. This result is known as Krener’s Theo-

rem and is stated as:

Theorem 1.3.8. If the accessibility rank condition holds for a control system then it is

locally accessible.

Example 1.3.9. In the linear case described in Example the accessibility rank condition
is equivalent to the rank of the Kalman's matrix [B AB --- A%"'B] to be equal to d. If this
happens, we say that the matrix pair (A, B) is controllable.

From Hinrichsen and Pritchard [21, Theorems 6.2.19 and 6.2.20] (cf. also Colo-
nius and Kliemann [11, Example 3.2.16]) we get the following result on existence and

uniqueness of a control set for a linear control system.

Theorem 1.3.10. Consider the linear control system described in the Example Assume
that the pair (A, B) is controllable and the control range U is a compact neighborhood of the
origin.

(i) Then there is a unique control set D with nonempty interior, it is convex and satisfies

0 €intDand D = O (z) N O*(z) for every x € intD.

(ii) D is closed if and only if Ot (x) C D forall x € D.
(iii) The control set D is bounded if and only if A is hyperbolic, that is, all the eigenvalues

of A have non zero real parts.
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1.3.2 Discrete-time control systems

This subsection presents the definition of discrete-time control systems. Here, the main

references are [27], [36] and [32]].

Consider a metric space (X, ¢), a topological space U and amap F : X x U — X
such that for each u € U the map F, () := F(-,u) is continuous. Define U := U™ as the
set of all sequences w = (uy)ken, Of elements in the control range U. A discrete-time

control system is described by the difference equation
Lk+1 = F<xkauk)7 ke NO = {Oa L S '}a (13_5)

We endow U which is the set of control sequences with the product topology. Some-
times, we will assume that the set of control values U is a compact metric space,
implying that also U/ is a compact metrizable space. The shift § on U/ is defined by
(Ow)r, = ugs1,k € No. For 2y € X and w € U the corresponding solution of will
be denoted by

z = @(k,x0,w), k € N,

and ¢(k, o, w) can be expressed as

x, if k=0
o---0F, oF,(x), if k>1.

We usually denote by ¥ = (Z, X, U,U, ¢) a discrete-time control system Conve-
niently, we write ¢y, () := ¢(k,-,w). By induction, one sees that this map is contin-
uous. Observe that this is a cocycle associated with the dynamical system on ¢/ x X
given by

®(k,w,20) = (0*w, p(k, v9,w)),k € No,w €U, 29 € X.

We note the following property which is of independent interest (it is not used in the

rest of the thesis).

Proposition 1.3.11. The shift 0 is continuous and, if F : X x U — X is continuous, then ®

is a continuous dynamical system.
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Proof. Continuity of ¢ follows since the sets of the form
W=WyxW; x -+ xWyxUx---cCU

with W; C U open for all i and N € N form a subbasis of the product topology and the
preimages

O W =UXxWyx Wy x -+ x Wy xUX---

are open. If F'is continuous, then induction shows that ¢(k, zo,w) is continuous in

(xo,w) € X x U forall k. O

1.4 Invariance Entropy

In this section we introduce initially the invariance entropy for continuous-time control
systems and present some results and properties which can be found in [27]. Next, the
concept of inner invariance entropy and topological feedback entropy are presented
for discrete-time control systems, and the relation of these two concepts. We start with

the definition of admissible pair which will be used along this work.

Definition 1.4.1. A pair (K, Q) of nonempty subsets of M is called admissible for the control
system X = (R, M, U, U, o) if it satisfies the following properties:

i) K is compact;
ii) For each x € K, there exists w € U such that p(t,z,w) € Q forall t > 0.

Given 7 > 0 and an admissible pair (K, ()), we say thataset S C U is a (7, K, Q))-
spanning set if

Vee K, JweS; ¢([0,7],z,w) C Q.

Denote by riny (7, K, Q) the minimal number of elements such a set can have (if there is
no finite set we say that ri, (7, K, Q) = 00). If K = ) we omit the argument K, that is,
we write riny (7, Q) and speak (7, Q)-spanning set.

The existence of (7, K, ())-spanning sets is guaranteed by property (ii); indeed, i is
a (1, K, Q)-spanning set for every 7 > 0. A pair of the form (Q, Q) is admissible if and

only if () is a compact and controlled invariant set.
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Definition 1.4.2. Given an admissible pair (K, (), we define the invariance entropy of
(K, Q) by
1
hinV(KJ Q) = hinV(K7 Q7 E) = lim sup — log TinV(Ta K? Q)
T

T—00
Here, we use the convention that log = log, = In. If K = @, again we omit the argument K

and write hin, (Q). Moreover, we let log 0o := 0.

Hence, invariance entropy is a nonnegative (possibly infinite) quantity which is as-
signed to an admissible pair (X, Q)). In fact, the invariance entropy of (K, )) measures
the exponential growth rate of the minimal number of different control functions suf-

ficient to stay in () when starting in K, as time tends to infinity.

The following proposition presents some basics properties of iy, (7, K, Q) and hiny (K, Q)

with respect to their arguments, including the finiteness of them.

Proposition 1.4.3. Let (K, Q) be an admissible pair. Then the following assertions hold:

1) Ile < Ty, then rinv<7_l> K, Q) < T'inv(7_27 Ka Q)

ii) If Q C P, then (K, P) is admissible and rin, (7, K, Q) > riny (7, K, P) which implies that
hinv<Ka Q) 2 hinv<K7 P)

ii1) If L C K is closed, then (L, Q) is admissible and rin, (7, L, Q) < riny(T, K, Q)) which
implies that hiny (L, Q) < hiny(K, Q).

) If ¥ = (R, M,U,U', ) is another control system on M such thatU' D U and ¢'(t,x,w) =
o(t,x,w) for all w € U, then (K, Q) is also admissible for ¥' and hin, (K, Q;Y') <
hinv<K7 Qa Z)

v) If Q is open, then rin, (1, K, Q) is finite for all 7 > 0.
vi) If Q is a compact controlled invariant set, then:

vil) The number rin (7, Q) is either finite for all T > 0 or for none.

vi2) The function log Tiny (-, @) : (0,400) = Ry U {oo}, 7 — log 7iny(T, Q)), is subadi-

tive and therefore

1 1
hinv(Q) = lim — 10g Tinv (7—7 Q) = lng - 10g Tinv (7—7 Q)
>0 T

T—00 T
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Another notion of entropy (whose definition requires a metric) associated with an

admissible pair is given in sequence.

Definition 1.4.4. Given an admissible pair (K, Q) such that Q is closed in M, and a metric o
on M, we define the outer invariance entropy of (K, Q) by

hinv,out(Kv Q) = hinv,out(Ka Q; 0; E) = 1_1\1"% hinv(K7 Ne(Q)) = sup hinV<Ka Na(Q))a

e>0

where N.(Q) = {y € M;3x € Qwith d(x,y) < e} denotes the s-neighborhood of ().

These two quantities relate as follows
0 S hinv,out(K7 Q) S hinv(K7 Q) S 0.

Although in general these quantities do not coincide, this fact is verified (under some
assumption which we expose in sequence) in the case of linear control systems (see [27,

Corollary 5.3]):

Theorem 1.4.5. Consider a linear control system X;,, given by the differential equation
&(t) = Ax(t) + Bw(t), wel,

where the matrix pair (A, B) is controllable and such that A has no eigenvalues on the imag-
inary axis (that is, A is hyperbolic). Further assume that the control range U is a compact
and convex set with 0 € intU. Let D C R? be the unique control set for ¥, with nonempty

interior. Then for every compact set K C D it holds that

hine(K, Q) < ) max{0,nyRe(\)},
A€o (A)

where o(A) denotes the spectrum of A and n, is the multiplicity of A € o(A). If, additionally,
K has positive Lebesgue measure and Q := D it holds that

hine(K, Q) = hingou(K, Q) = Y max{0,n,Re())}.
A€o (A)

Remark 1.4.6. Note that the definitions of hiny (K, Q) and hinyout(K, Q) can be adapted for

discrete-time control systems as presented in [27].
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From now, consider a discrete-time control system ¥ = (Z, X, U, U, ¢). We say that
a compact subset () C X with nonempty interior is strongly invariant for ¥ if for every

z € @, there is u € U such that F'(z,u) € intQ, or equivalently, ¢(1, z, u) € intQ.

Definition 1.4.7. A triple C = (A, 7, G) is called an invariant open cover of () if it satisfies
the following properties:

o Ais an open cover of Q);
e T is a positive integer;

o ( is a finite sequence of maps G, : A — U,k =0,1,--- ,7—1such that foreach A € A
it holds that
ok, A,G(A) CintQ, fork=1,---,7,

that is, if the initial value x € Q) lies in the set A € A, then any control w = (u)xen,
which satisfies up, = Gi(A) for k = 0,1,--- ,7 — 1 yields ¢(k,z,w) € intQ, for k =

1, ,7T.
It is possible to verify that all strongly invariant sets () for ¥ = (Z, X, U,U, ) admit
an invariant open cover (see [27, pg. 69-70]).

Given an arbitrary invariant open cover C = (A, 7, G), for any sequence o = {A; }ien,

of sets in A, we define the control sequence

w(e) = (ug,ur, ) with (w), ), = G(Ai1), foralli > 1, (1.4-6)
that is,
w(Oé) = (uo, . ,Ur—ll, Upy* o+ 7U2T—lj7 R )
G(4o) G(Ay)

We further define for each j € N the set
Bj(a) :=={zr € X; p(it,z,w(a)) € A;, fori=0,1,--- ,57 — 1}. (1.4-7)

Then B;(«) is an open set, since it can be written as the finite intersection of preim-
ages of open sets under continuous maps, namely

7j—1

Bi(a) = (& € X: wlim (@) € A} = ) ¢34

1=0
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Furthermore, for each j € N, letting o run through all sequences of elements in .4, the
family

Bj = B;(C) = {B)(a); € A%}
is an open cover of Q).

Let N(B;;(Q) denote the minimal number of elements in a finite subcover of B,.

Then, the topological feedback entropy h,(()) is defined by

ha(C) = hgp(C; ) := lim _ilog N(B;;Q), (1.4-8)

Jj—oo )T
hin(Q) = hap(Q; X)) 1= irclf ha(C; %),

where the infimum is taken over all invariant open covers C = (A, 7, G) of Q.

Next we present the computation of a non smooth discrete-time control system

contained in [32].

Example 1.4.8. Consider the control system ¥ = (Z, X,U,U, p) where the right-hand side

F: R x U — Ris defined by F(z,u) = max {221, 122} + wand U C R is such that U > 0.

Then the set Q = [0, 1] is strongly invariant, because F'((),0) C intQ. Let C = (A, 7,G),
where A = {A:= (—4,3)}, 7 € Nand G = 0. Since F(Q,0) C intQ, then C is an invariant
open cover. In this case, we have AN admits only one element o : Ny — A, o, = A for all
n € Ng.
Note that
Bi(a) = Bi(a) =ADQ, forall j €N,

because F(A,0) C Q). Then B; = { A} and hence N (B;; Q) = 1. Therefore

1 1
ha(C) == lim —log N(B;; Q) = lim —logl =0

Jj—o0 JT Jj—00 JT

and we obtain

0 < hp(Q) < hp(C) =0,

that is hm(@) = 0.

In order to show that the limit (1.4-8) exists, the following general lemma is neces-

Sary:
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Lemma 1.4.9. Let T € {Z,R} and f : T, — R be a subadditive function, that is, f(t + s) <
f(t) + f(s), forall s,t € T.. Suppose further that f is bounded from above on an interval of
the form T N [0, to] with ty > 0. Then lim;_,, f(t)/t converges (the limit may be —oo), and

lim M = inf & =
t—oo t t>0 ¢
Proof. See Lemma B.3 of [27] for the proof. ]

In the following, we introduce a modified version of invariance entropy for discrete-

time control systems, which turns out to coincide with the topological feedback en-

tropy.

Definition 1.4.10. Consider ¥ = (Z, X, U, U, @) and a compact strongly invariant set () C X
for ¥ with intQ # 0. For 7 € N, a subset S C U is called (7, (), int())—spanning if

Ve € Q, 3w € S such that ¢([1, 7], x,w) C intQ.

The minimal cardinality of such a set is denoted by Tinyint(7, Q)) and the inner invariance

entropy of () is defined by

. 1
hinv,int(Q) = hinv,int(Q ; E) = lim ; log Tinv,int(T ) Q)-

T—00

Since the sequence 7 — 10g Tinyint (7, @) is subadditive, the definition of Ainyint(Q) is
correct and

1 1
hinv,int(Q) = lim — log Tinv,int(Ty Q) = H;fi - log Tinv,int (7', Q)
721 T

T—00 T

The following result, whose proof can be found in [10], relates the quantities hg(Q)

and hinv,'mt (Q)

Theorem 1.4.11. Given a strongly invariant compact set () C X for ¥ = (Z, X, U, U, @), we

have

hfb (Q) = hinv,int(Q) :



CHAPTER 2

INVARIANCE PRESSURE FOR CONTINUOUS-TIME
CONTROL SYSTEMS

The main notion of this thesis - invariance pressure - is presented in this chapter for
continuous-time control systems ¥ = (R, M, U,U, ). The original notion was intro-
duced by Colonius, Cossich and Santana in [6] and generalized by the same authors
in [7] for admissible pairs. Roughly speaking, the invariance pressure of a ¥ measures
the weighted information necessary that open loop controls provide to the X in order
to keep it in a given subset () of the state space, starting from a compact set K C Q.

The term "weighted information" can express the physical quantities (see Examples

2.1.6/and [3.3.8) depending on the considered weight f (which is a continuous function

defined on the control-valued-space U) and the control functions.

Given an admissible pair (K, @), if we denote by a.(f, K, ()) the weighted informa-
tion (with weight f) necessary, produced by control functions, for that every trajectory
of 3 starting in K remain in the bigger set () up to time 7, then the invariance pressure

Piv(f, K, Q) is the exponential growth rate of a,(f, K, Q)) as 7 tends to infinity,

Pou(f, K, Q) = limsup ~ loga. (£, K, Q).

T—=oo0 T

This definition is similar to that of topological pressure which measures the "weighted"

exponential orbit complexity of a dynamical system. It was introduced by the physical-
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mathematician David Ruelle in 1967 (see [34]) and generalized by Peter Walters in 1976
for (discrete-time) dynamical systems on a compact metric space (see [38]). Despite
the suggestive name, the definition of invariance pressure is not necessarily related to
pressure, in the physical sense. This name was given in order to make a parallel with

the dynamical concept of topological pressure.

In this chapter we follow the ideas presented in [6], [7], [9], Kawan [24], [27] and
[39]. It is organized in the following way: Section [2.1|is presented the definition of
invariance pressure and outer invariance pressure for continuous-time control systems
as well as the basic properties of these amounts such as the finiteness of Py (f, K, @),
the Lipschitz property of P, (-, K, Q) and how it behaves in relation to its arguments.
Finally, in Section [2.2l we explore some elementary properties of invariance pressure
which are similar to the well-known properties of the classical topological pressure
notions in dynamical systems, for example, the time discretization, the power rule, the

product rule and the invariance under conjugacy.

2.1 Definitions and Basic Properties

Considering a continuous-time control system ¥ on a connected smooth manifold M,
in this section we define the invariance pressure and the outer invariance pressure of

¥ and we explore some basic properties that this quantities satisfy.

Initially, consider an admissible pair (&, ()) and denote by C(U,R) the set of all
continuous functions f : U — R. Moreover, given 7 > 0,w € Y and a f € C(U,R) we

denote by (S, f)(w) the real number [ f(w(s))ds. Then we can define

a-(f, K,Q) := inf {Z e Sisa (1, K, Q)-spanning Set} : (2.1-1)
weS
Note that in the definition of a.(f, K, Q) it suffices to take the infimum over those
(1, K, Q)-spanning sets which do not have proper subsets that are also (7, K, ())-spanning
sets. In fact, if S is a (7, K, ())-spanning set which contains another (7, K, ))-spanning

S’, the summands in S \ S’ can be omitted, since e(7H)®) > 0,
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Moreover, we can observe that since U is compact, then

_ (Srf)(w) > Tinf f : _ Tinf f .
ar(f, 15, Q) =inf y ¥ > e inf (#8) = €™ iy (K, Q) > 0.

weS

Definition 2.1.1. The invariance pressure of Py, (f, K, Q) of the admissible pair (K, Q)
with respect to f is given by

Pinv(fa K; Q) = Pinv(f7 KaQ; E) = limsupl logaT(f, Ka Q)

T—oo T

Hence, the invariance pressure is defined as the exponential growth rate of the min-
imal weighted information (with weight f) that control functions produce in order to

keep every trajectory starting in K in the bigger set () up to time 7, as 7 tends to infinity.

If K = Q we omit the argument K and write a,(f, Q) and P (f, Q). Note that, in

this case, we assume that () is compact and controlled invariant.

Definition 2.1.2. Given an admissible pair (K, Q)) such that Q is closed in M, and a metric o

on M, we define the outer invariance pressure of (K, Q) with respect to f by
]Dinv,out(fa K, Q) = Pinv,out(fv K, Q; 9; E) = ll{‘% Pinv(f: K, Ne(Q))u

Note that the limit for ¢ \, 0 exists and equals the supremum over € > 0, since from
Proposition it follows that the pairs (K, N.(Q)) are admissible and that £; < &
implies Py (f, K, N, (Q)) > Pav(f, K, N.,(Q)). Furthermore

—00 < Pinv,out(faKa Q) S va(f7K7Q) S o0

for every admissible pair (K, Q) and f € C(U,R).
These definitions deserve several comments. First observe that Py, (f, K, Q) > 0 for

f>0.
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If f = 0is the null function in C(U,R), then }° ;e 9® =%~ -1 = #8, hence

a,(0, K, Q) = inf {Z 50, Sisa (1, K, Q)-spanning set}

weS
= inf {#S; Sisa (7, K, Q)-spanning set}
= ri(7, K, Q). (2.1-2)

Taking the logarithm, dividing by 7 and letting 7 tend to co one finds that P, (0, K, Q) =

hiny(K, Q). Hence the (outer) invariance pressure generalizes the (outer) invariance en-

tropy.

Another comment concerns the independence of the invariance pressure with re-
spect to uniformly equivalent metrics. We say that two metrics ¢; and g, on M are
uniformly equivalent on @), if for all ¢ > 0 there exists § > 0 such that for all z € @
and for all y € M with g;(z,y) < § implies that p;(x,y) <e¢, fori,j =1,2,1 # j.

The following proposition states that the value of the outer invariance pressure of
(K, Q) does not change when we consider uniformly equivalent metrics. Since the

proof is similar to Kawan [27|, Proposition 2.5], we will omit it.

Proposition 2.1.3. Let (K, Q) be an admissible pair such that Q) is closed in M. If o, and
0o are two metrics on M which are uniformly equivalent on Q, then Pryou(f, K, Q;01) =
Pirvout(f, K, Q; 02) for all f € C(U,R). If Q is compact, then this is automatically satisfied,

and in this case the outer invariance pressure is independent of the metric.

The next proposition shows that we just need finite spanning sets to get a,(f, K, Q).

Proposition 2.1.4. Consider an admissible pair (K, Q) with Q open in M and f € C(U,R).
Then

a-(f, K,Q) = inf {Z e N, S s a finite (1, KK, QQ)-spanning set} .

weS

Proof. First we show thatif Sisa (7, K, ))-spanning set, 7 > 0, then there exists a finite
(1, K,Q)-spanning set S’ C S. In fact, take an arbitrary x € K. Since S is (7, K, Q)-
spanning, there is w, € S with ¢(t,z,w,) € Q for t € [0, 7]. Openness of ) and uniform
continuity of ¢(¢,-,w) in t € [0, 7], we find an open neighborhood W, of = such that

([0, 7], Wy, w,) C Q. Compactness of K implies the existence of z1,...,z; € K such
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k
that K C UWx It is easy to see that the set S’ = {w,,,...,w,, } C Sisa (1, K,Q)-

i=1
spanning set.

Now define

a,(f, K,Q) := inf {Z e5nNW). S is a finite (1, K, Q)-spanning set} )

weS

Since clearly a,(f, K,Q) < a.(f, K,Q), we just have to prove the reverse inequality.
Given a (7, K, Q)-spanning set S, as shown earlier there is a finite (7, K, ())-spanning
subset S’ C S. Hence Y g e <5~ o el5 D) which implies that @, (f, K, Q) <
ar(f, K, Q). 0
Remark 2.1.5. Since for the outer invariance entropy one considers (1, K, N.(Q))-spanning
sets, e > 0, by Proposition it is sufficient to consider finite (7, K, N.(Q))-spanning sets,
because of the openness of N.(Q).

Example 2.1.6. Assume that f € C(U,R) and that Ot (z) C Q, for all x € K, that is, the
solutions always remains in () when starting in K. We show that Py, (f, K, Q) = inf f. Since
for every (1, K, QQ)-spanning set S the estimate

Ze(Srf)(w) > e‘rinff i #S zeTinff

wEeS

holds, it follows that Py, (f, K, Q) > inf f. Conversely, given € > 0 there exists u € U with
f(u) <inf f +e.

Then the one-point set S = {w}, where w(t) = u, is (1, K, Q)-spanning and

§ el — (S _ (rf) < grint fere

weS
Taking the infimum over all (1, K, Q)-spanning sets one finds that the invariance pressure

satisfies

P (f, K,Q) = limsup — logaT(f K, Q)< hmsup loge”nff +e=inf f +e.

T—00 T—00

Since € > 0 is arbitrary, it follows that Py, (f, K, Q) < inf f.



2.1 Definitions and Basic Properties 40

A simple illustration of this case is represented in the above figure where we consider a

RC-circuit driven by a voltage source w(t) € U := [a,b],0 < a < b.

R

Since the current i is in the direction indicated, then there will be a drop in the voltage
across each of the elements. By Kirchhoff’s law, the total voltage drop across these elements
must be balanced by that supplied by the voltage source. So if the voltage across the resistor and

capacitor at time t are wr(t), we(t), respectively, we have
w(t) —wgr(t) —we(t) =0.

But if the charge on the capacitor is q(t), the resistance of the resistor is R > 0 and the

capacitance of the capacitor is C' > 0, then
wr(t) = Ri(t), we(t) =q(t)/C, i(t) =4q(t), t>0.
Hence we obtain the following first order differential equation
Ri(t) + 7a(t) = w(t).

Then the set () = [aC,bC] satisfies O (z) C Q, for all x € Q. In particular, if the current
i > 0 is constant in time and f(u) = iu, then (S, f)(w) represents the electrical energy spent
between the instants 0 and 7. If fact, if P(t) and E(t) denote the electric power and the electrical

energy transferred at time t, respectively, then

(S f)(w) = /O " iw(t)dt — /0 " P()dt = E(r) — E(0).

In this case, the information measured by the invariance pressure is the variation of electrical
energy, that is, Py (f, Q) measures the exponential growth rate of the minimal amount of total

variation of electrical energy produced by the voltage source to keep the charge in () as time
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tends to infinity. In this case, Ppy(f, Q) = inf f = ia.

The next results of this section show several basic properties of the invariance pres-

sure with respect to an admissible pair.

Proposition 2.1.7. For a control system ¥ = (R, M,U,U, ) and an admissible pair (K, Q),

the following assertions hold:

D) If0<m <mand f>0,then a,(f, K,Q) < a,(f, K,Q);

ii) If Q C R, then (K, R) is admissibleand a.(f, K, Q) > a,(f, K, R); hence Py, (f, K,Q) >
Py ([, K, R);

iii) If L C K is closed in M, then (L, Q) is admissible and a.(f, L, Q) < a.(f, K, Q); hence
Pov(f, L, Q) < Py(f, K, Q);

iv) If ¥ = (R, M,U,U', ") is another control system such that set of admissible control

~.

functions U' contain U and @' (t,z,w) = ¢(t,z,w) whenever w € U, then (K, Q) is
also admissible for ¥’ and Pny(f, K,Q;Y) < Pn(f, K,Q;X). In particular, if ¥ =
(R, M, V,V,¢) is such that V. C U, V = {w € U; w(t) € Vae}, ¢t z,w) =
o(t, x,w) whenever w € V and (K, Q) is admissible for ¥/, then Py, (f, K,Q;%) <

P (f, K, Q5 X).

The previous properties contained in Proposition[2.1.7]are easy to see and hence we
will not present their proofs.

In order to expose some properties of the function Py (-, K, Q), we will need the

following elementar lemma.

Lemma 2.1.8. Let a; > 0,b; > 0,i = 1,..,n € N, be real numbers. Then

Proof. Let n = 2. Then we may assume that 7+ < 72. Dividing numerator and denom-
inator by b; one can further assume that b; = 1, hence the assumption takes the form

a; < ﬁ and the assertion reduces to % > ay. This is equivalent to

a; +ap > a; + arby, i.e., az > aibs,
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which is our assumption. The induction step from n to n + 1 follows since

n+1 n n
Doiny _ D i1 Qi+ Anga (D @ Aot - a;
T = = > min - , > min — 1.
>iy bi 2im1 bi+ o D im1 b b i=Lnt1 \ b;

Corollary 2.1.9. Consider real numbers a; > 0, b; > 0,7 € N. Then

ZiGN a;

eN T g (2
Zieri €N bz

Proof. By Lemma for each n € N we have

n
. a; a; a;
Zfl > min (— | >inf| = ]).

zlil bZ 1=1,..., n b’L 1€N b’L

The result follows if we take the limit for n — oo. O]

The following proposition present a sufficient condition for take the infimum a,(f, K, Q)

over countable (7, K, ))-spanning sets.

Proposition 2.1.10. If (K, Q) is an admissible pair and f € C(U,R) such that Py, (f, K, Q) <

oo, then for all T > 0,

a-(f, K,Q) := inf {Z e NW). S is a countable (1, K, Q)-spanning set} )
=
Proof. Firstly note that if Py (f, K,Q) < oo, f € C(U,R), then for all 7 > 0 there is a
countable (7, K, ))-spanning set S. In fact, if there exists 7 > 0 such that all (7, K, Q)-
spanning is uncountable, then all (o, K, Q)-spanning set with ¢ > 7 is also uncount-
able, because all (o, K, ())-spanning set is a (7, K, ())-spanning. Hence we should have
a.(f, K,Q) = oo which implies that Py, (f, K, Q) = .

Secondly observe also that if the invariance pressure with respect to f € C(U,R) is

finite, then there are for every 7 > 0 countable (7, K, )-spanning sets S with

weS

because any sum over uncountably many positive numbers must be equal to +oc.
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Now put

weS

a-(f, K, Q) := inf {Z e D). S is a countable (7, K, ())-spanning set} )

It is clear that a.(f, K, Q) < a.(f, K, Q). To show the reverse inequality, suppose that
a(f,K,Q) > a.(f,K,Q). Then given ¢ := a,(f, K,Q) — a,(f, K,Q) there exists a
(1, K, Q)-spanning set such that

a-(f,K,Q) <Y e <o (fK,Q) +e=a.(f. K Q). (2.1-3)
weS
Note that by (2.1-3) S can not be countable. Hence }° ¢ e!*")(“) = +00 witch implies
that a,(f, K,Q) = +oo. Since Py (f, K,Q) < oo, there exists a countable (1, K, Q))-
spanning set S with 3" __¢ e < oo and this contradicts . (f, K, Q) < 3¢5,
Hence we have a,(f, K, Q) = a.(f, K, Q). ]

Proposition 2.1.11. The following assertions hold for an admissible pair (K, Q), functions
f,g€ C(UR)and c € R:

) If f < g, then Pny(f, K,Q) < Puny(g, K,Q). In particular hin, (K, Q) + inf f <
Piv(f, K, Q) < hiny(K, Q) + sup f;

ZZ) Pinv(f + ¢, K7 Q) = Pinv(f; K7 Q) + G

Proof. i) If f < g, it follows that }_ _se® N < 35 e(59®) for all (1, K, Q)-
spanning sets S, because the exponential function is increasing. Hence a,(f, K, Q) <

a-(g, K,Q) and so P (f, K, Q) < Pny(9, K, Q).

ii) One finds that

a,(f+¢, K,Q) = inf {Z e+ Sisa (1, K, Q)-spanning}

wES

— inf {e” Z e W) Sisa (1, K, Q)-Spanning}

wES

= eTCaT(fv K7 Q)a
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hence

1 1
Poy(f + ¢, K,Q) = lim —loga-(f +¢, K,Q) = lim —log(e™a,(f, K,Q))
T—00 T T—00 T
- C"_Pinv(faK’Q)'
OJ

Remark 2.1.12. By item (i) of Proposition|2.1.11{we get that for each f € C(U,R), Pny(f, K, Q) =
oo if, and only if, hiny(K, Q) = oco. Hence we can change the assumption Py, (f, K, Q) < o0

in Proposition |2.1.10|for hiny (K, Q) < oco.

The next result presents a regularity property of the map P (-, K,Q) : C(U,R) —
R.

Proposition 2.1.13. If (K, Q) is an admissible pair with hin, (K, Q) < oo, then

| Py (f, K, Q) = Pinv(9, K, Q)| < [|f = 9lloos

where || - || is the uniform norm on C (U, R).

Proof. Note that using Corollary for the second inequality below, one finds

01 (S O] [ i
aT<f7K7Q) N lnfS {Zwese Srf)(w } Z €S€ST

(S79)(w)

e

; - e Tl =9lleo
=iyt {Bféfs BN } ’

where the infimum above are taken over all countable (7, K, ())-spanning sets. There-

| \/

fore %KQ; < ¢7lIf 9l and so

1 K 1
mv(f K Q) 1nv(g,K Q) = lim _logM < lim = log eTHf—gHoo
T T ar\g, 7Q) T—00 T
= |If = 9lls-
Interchanging the roles of f and g one finds assertion. []

Open Question 1. In [40, Walters present several necessary and sufficient conditions for the

topological pressure of a continuous transformation on a compact metric space to be differen-
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tiable, in the Fréchet sense, with respect to the potentials f defined on the state space. Is the

map Pny(-, K, Q) : C(U,R) = R U {+oo} differentiable in some sense?

Open Question 2. In [39, Theorem 9.7 (v)] we can see that the topological pressure is convex

as function of the potentials. Is this property verified in the case of invariance pressure?
The next corollaries deal with the finiteness of invariance pressure.
Corollary 2.1.14. Consider f € C'(U,R). Then

i) If Q is open, then a,(f, K, Q) is finite for all 7 > 0;

ii) If Q) is a compact controlled invariant set, then a.(f,Q) is either finite for all T > 0 or

for none.

Proof. The two statements follows from the inequalities
eT inffTinV(Ta K7 Q) S aT(fa K7 Q) S eT SupfrinV(Tv Ka Q)

and itens (v) and (vi) of Proposition[I.4.3]. O

Remark 2.1.15. Note that Propositions|2.1.11}2.1.13|and Corollary|2.1.14(i) also hold for the

outer invariance pressure.

As an immediate consequence, we have:

Corollary 2.1.16. If f € C(U,R) and Q) is compact controlled invariant, then the following

assertions are equivalent:
i) Pa(f. Q) is finite;
ii) a.(f,Q) is finite for some T;
ii1) a,(f, Q) is finite for all T.

Example 2.1.17. Consider the following control system in R?\{(0,0)}
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where w(t) € [-1,1], Q == {(z,y) € R% 1 < /22 + 2 < 1} and K = {(z,y) € R?; 22 +
y* = 1}, then (K, Q) is an admissible pair. In fact, given any z = (x,y) € K, you can
consider the control w,(t) := x and note that =z can be kept in () for any positive time T > 0
by using the constant control function w,. Hence hiny(K,Q) = oo and by Remark
Pnv(f, K,Q) = oo, for each f € C(U,R). This example shows the necessity of openess of @
in Proposition since one needs infinitely many of these control functions for all points on
K, given a (1, K, Q)-spanning S, none finite (1, K, ())-spanning set S’ C S can exists.

We can not replace the limit superior in Definition by a limit, because this limit
does not exist in the general case. However, if () is compact controlled invariant and

K = @Q we can do that.

Proposition 2.1.18. If Q) is a compact controlled invariant set and f € C(U,R), then the

function T — a.(f, Q) is subadditive and therefore

Pul£,Q) = lim ~loga-(f,Q) = inf ~loga-(f, Q).

Proof. If a-(f,Q) = oo for all 7, the assertion is trivial. Hence, by Corollary [2.1.14(ii) we
can assume that a,(f, Q) < oo for all 7. If we show that a,, 1, (f, @) < a, (f,Q)a(f, Q)
for all 7,5 > 0, then the result follows from Lemma . To this end, consider for
Jj = 1,2 (15, Q)-spanning sets S;. For w; € S;,ws € S, define a control function w € U

by

wy(t), if te€0,m]
w(t) = :
CL)Q(t—Tl), if t>m

These functions form a (7 +72, ))-spanning set. Hence a,, -, (f, Q) < a,, (f, Q)a~(f, Q),

which concludes the proof. O

2.2 Elementary Properties

This section brings together many interesting properties of invariance pressure which
allows us to compare with the well-known properties satisfied by the topological pres-
sure of dynamical systems (cf. [39) Section 9.2]). Moreover, all the elementary proper-
ties which invariance entropy satisfies (cf. [27, Section 2.2]) can be generalized when

we assign a weigh f on the control values.



2.2 Elementary Properties 47

We start this section with the following theorem which shows that for the invari-

ance pressure the time may be discretized, which generalizes the Proposition 3.4 (ii) of

[].

Theorem 2.2.1. If (K, Q) is an admissible pair for ¥ = (R, M,U,U, ) and f € C(U,R),
then for each 7 > 0
Pu(f, K, Q) = lim sup—log an(f. K, Q). (2.2-4)

n—o0

Proof. Given f € C(U,R), the inequality

P (f, K, Q) > hmsup—logam(f K, Q)

n—oo

is obvious. For the converse, we can see that the function g(u) := f(u) — inf f is non-
negative (if f > 0, it is not necessary to consider the function g). Let (74)x>1, 7 € (0, 00)
and 7, — oo. Then for every k > 1 there exists n;, > 1 such that n,7 < 7, < (ng + 1)1

and ny — oo for k — oo. Since g > 0 it follows that

Qry, (ga Ku Q) S a(nk+1)7(g7 K7 Q)

and consequently

—logaTk(g,K Q) < Tlogank—i—l (g,K Q)

This yields
1
lim sup—log ar, (9, K,Q) < limsup —log any+1)-(9, K, Q).
k—oo Tk k—oo NET
Since
_— 1 (n 5 K l n Y K7
o 108 Gty (9, K,Q) = o e D)7 OB A (9,K,Q)

and ”’;L—:l — 1 for k — oo, we obtain

1
lim sup —log ar (g, K, Q) <limsup — log a,, (g, K, Q) < lim sup— log a,, (g, K, Q).

k—oco Tk k—oco NET n— 00
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This shows that

P (f —inf f, K, Q) = hmsupnilogam(f —inf f, K, Q),

n—o0

and as in Proposition [2.1.11|(ii) we have

Py (f, K, Q) = Py (f —inf f,Q) +inf f = Piny(g, K, Q) +inf f
= lim sup LT log an, (f —inf f, K, Q) + inf f

n—oo I

1 .
= limsup — loge "™/ q, (f, K,Q) +inf f

n—oo NT

= lim sup —7_ log an, (f, K, Q).

n—oo

]

In the case of dynamical systems, the topological pressure tends to be smaller when
we restrict the system to invariant subsets than when the whole space is considered
[39, cf. Theorem 9.8 (iii)]. Now, given an admissible pair (X, )) we investigate how
the invariance pressure behaves when we consider a finite subcover of K by compact

sets. We will need the following lemma which is proved in [27, Lemma 2.1].

Lemma 2.2.2. For any functions fi,---, fy : TN (0,00) = R, T € {Z, R}, it holds that

1
lim sup — logz fi(7) < max lim sup — log fi(1).

T—oo T 1SN 71500

Proposition 2.2.3. Let ¥ = (R, M,U,U, y) be a control system, f € C(U,R) and (K, Q)
an admissible pair. Assume that K = \J)\, K, with finitely many compact sets K,,--- , K.
Then each pair (K;,Q),i € {1,---, N} is admissible and

Pinv(fa K; Q) = 1%%}](\[ an(fa Ki7 Q)

Proof. By Proposition[2.1.7](iii), we have that each (K;, Q) is admissible and Py, (f, K;, Q) <

Puy(f, K,Q), foralli € {1,--- , N}, hence

max. Pu(f, Ki, Q) < Pny(f, K, Q).

1<i<
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In order to show the reverse inequality, given ¢ > 0 and ¢ € {1,---, N}, there is

(1, K;, Q)-spanning set S; such that

a‘r(fa Ki7 Q) S Z e(STf)(w) < CL.,-(f, Ki; Q) —+ %

weS;

Then S := |JY, S;is a (7, K, Q)-spanning and

N N
weS i=1 wes; i=1
which shows that N
aT(f? K7 Q) S Z a’r(f, Ki; Q)
i=1

By Lemma we obtain

T—00

N
1
) <1 - A < . ,
Pay(f, K, Q) < limsup . log 21 a(f, K;, Q) < @%an(ﬁ K;, Q).

O

Remark 2.2.4. Note that Proposition can not be generalized to the case of a countable

cover of K. For instance, see [27, Remark 7.3] when f is the null function.

Next we discuss changes in the considered set ().

Proposition 2.2.5. Let f € C(U,R) and () C X a compact controlled invariant set. Assume
that () = UZ]\L 1 Q; with compact controlled invariant sets ()1, ..., Qn. Then

-PinV(fu Q) S 1285](\[ -Pinv(fu Qz)

Proof. For every i € {1,...,N}, let S; a (7, Q;)-spanning set and define S := Y, S..
Then S is a (7, Q)-spanning set with

N

TN < 3 els ),

weS i=1 weS;

With
a-(f, Qi) = inf { Z eSS (7, Qi)-spanning} ,

weS;
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we have a,(f,Q) < ZZ La-(f,Qi). Now Lemma implies that

Pv(f,Q) < hmsup—logzar £, Qi) < max Bu(f, Qs)-

T—00

]

The next result concerns to the invariance pressure on the product of two control
systems. To this end, consider ¥; = (R, M;,U;,Uy, 1) and Xy = (R, My, Uz, Us, o).
Then we can built the control system X, = (R, M; x My, Uy x Uy, Uy X Us, 1 X ) where
01 X g R x (My x Ms) x (U x Us) is given by

((101 X 902> (T,Z,a)) = (901 X 902) (T> (J?,y), (whw?)) = (901(7—7277(")1)7 902(T7y7w2))'

Proposition 2.2.6. Let f; € C(U;,R) and let (K, Q;) be an admissible pair for ¥;, i = 1,2.
Then

Py (fi X fa, K1 X K3, Q1 X Q2; %)) < Pay(f1, K1, Q13 21) + Py (f2, K2, Q2; X2),

where f1 x fy € C(Uy x Uy, R) is defined by (f1 X fa)(u,v) = fi(u) + fo(v).
Proof. Note that (K7 x K3, Q1 x Q2) is admissible for ¥,,. Furthermore, for each ¢ > 0

there is a (7, K;, ();)-spanning set S;, i = 1, 2, such that

0< aT(fia KZ)Q@) S Z e(STfi)(Wi) < aT(f’iaKia Q’L) + 57 1= 17 25

W ES;

where

Vo (Fr K Qo) (o K, Q)P + 2 = [, (1, Ko, Q) + (o K Q)]

0= 5

Then § := 8, x S CUy xUsisa (1, K1 x Ky, Q1 X (Q3)-spanning set and

ar(fi X fo, K1 X Kg,Q1 X Q2) < Ze (Fxf2))(@) = Z (ST )w1) (57 f2))(w2)
weS wl wz)ESl XS
— Z e(57f1))(w1) Z e(57f2))(w2)
w1€S1 w2 €S2

< ar(fi1, K1, Q1) - a-(fo, Ko, Qo) + €
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Taking ¢ decreasing to 0 we get

ar(fi % fo, K1 X K3,Q1 x Q2) < a-(f1, K1,Q1) - ar(fa, K2, Q2).

Therefore

. 1
Piv(fi X fo, K1 x K3, Q1 X Q2) = limsup —loga,(fi X fa, K1 X K3, Q1 X @Q2)

700 T

< limsupélog la-(f1, K1, Q1) - ar(fa, K2, Q2)]

T—00

= Puy(f1, K1, Q1) + Py (f2, K2, Qo).

]

Open Question 3. The topological pressure of a continuous transformation on a compact
metric space satisfies the equality presented in Proposition (see [39, Theorem 9.8 (iv)]). Is

this equality verified in the case of invariance pressure, even in the case when K = ()?

Next we prove the power rule for invariance pressure. Consider initially a continuous-
time control system ¥ = (R, M, U,U, ) and an admissible pair (K, ()). For every real
number s > 0, we can define ¥, = (R, M, U, U, ¢*) given by the differential equations

(t) =s- F(z(t),w(t)), w € U,
whose trajectories are given by ¢*(t, z,w) = ¢(st, z,&), where @(t) := w(t/s). In fact,

d d
—_— S = _— o pu— . F % »
¢t ,w) (st a,0) = s Flp(st, 2,0), 0(st))

= s-F(o(st,z,0),w(t)) =s- F(p’(t,z,w),w(t))

and the result follows from uniqueness of solution. The Power rule is stated as:

Proposition 2.2.7. If s > 0 and (K, Q) is an admissible pair for ¥, then it is also admissible
for 3, and for each f € C(U,R)

-Pinv(f7 KuQaZS) =S ‘Pan(f7K7Q7E)

Proof. 1t is easy to see that (K, () is admissible for ¥;. Note that if S C U is an
(s7, K, Q)-spanning set for ¥, then S, := {w(s + -); w € S} is a (7, K, Q))-spanning
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set for ¥; with the same number of elements. Analogously, every (7, K, ))-spanning
set for X, gives an (s7, K, ))-spanning set for ¥ with the same number of elements.
This proves that

aer(f, K, @ 5) = a-(f, K, Q; %), V7> 0.

Hence, by Proposition we get

1 1
Pinv(f; K7 Q7 ES) = lim sup — IOg aT(f? K7 Q7 Es) = lim sup — lOg as7‘<f7 K7 Q7 E)
T T

T—00 T—00

1
= s-limsup —logas (f, K,Q; %) = s+ Pny(f, K,Q;%).
ST

T—00

2.2.1 Invariance pressure under conjugacy

We reserve this subsection to show that the invariance pressure is preserved by a cer-
tain kind of conjugacy between two control systems, which we define in sequence. The
invariance under conjugacy is also satisfied for topological pressure, in the case of dy-
namical systems, and for invariance entropy, in the case of control systems. However
the conditions of conjugacy which we require here is stronger than those required in

[27, Definition 2.4].

Definition 2.2.8. Consider 21 = (R, Ml, Ul,ul, QOl) and 22 = (R, Mg, UQ,UQ, QOQ) two con-
trol systems. Let m : Ry x My — My, (t,z) — m(x), and H : Uy — U, be continuous maps

such that the induced map hy : Uy — Uy, hy(w)(t) := H(w(t)) forall t € R, satisfies
m(p1(t, z,w)) = @o(t, mo(x), hy(w)) forallt € Ry, € My and w € U.

Then (w, H) is called a time-variant semi-conjugacy from ¥, to ¥. If the maps m, : M; —
M, t € Ry, and H : Uy — U, are homeomorphisms, we call (r, H) a time-variant conju-
gacy from ¥, to 3.

Analogously we define a time-invariant semi-conjugacy and conjugacy from ¥, to ¥

if m is independent of t € R,

Proposition 2.2.9. Consider two control systems as in Definition and let (w,H) be a

time-variant semi-conjugacy from ¥, to ¥o. Further assume that (K, Q) is an admissible pair
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for ¥y and
m(Q) C mo(Q) forall t > 0.

Then (mo(K), mo(Q)) is an admissible pair for X5 and
Pinv(f ° Ha Ka Q; E1) > Pinv(fa 7T0(K), WO(Q); 22)

forall f € C(Us,R). Moreover, if () is compact and the family {m, },cr. is pointwise equicon-

tinuous, then

Pinv,out(f o H, K; Q; Z1) 2 an,out(f’ 7TO<K)7 WO(Q); Z2)

forall f € C(Uy, R).

Proof. In order to show that (m(K), m(Q)) is an admissible pair, note that since 7 is
continuous, the set m(K') is compact. Let y € mo(K), then y = my(x) for some z € K.
Since (K, ) is an admissible pair, there is w € U; such that p(R,,z,w) C @, and we

obtain

ot y, hia (W) = m(e1 (t, 2,w)) € m(Q) C mo(Q).

Therefore (m(K), m0(Q)) is an admissible pair for 3.

Now, let S C U be a (7, K, Q)-spanning set. With the same arguments as above, we

find that hy(S) C Us is (1, mo(K), mo(Q))-spanning. Hence

(S-H)(w) — (S f)(How) _ (S-(foH))(w)
>, 2. 2.

nehH(S) weS weS

for every (7, K, ))-spanning set S, which implies that

ar(f,mo(K), mo(Q)) < ar(f o H, K, Q).

Therefore P (f, m0(K), m0(Q)) < Pav(f o H, K, Q).

Now assume that () is compact. Let p; denote a metric on M; and g, a metric on
M. By compactness of @), the pointwise equicontinuity of {7 };cr, on @ is uniform,
hence for all € > 0, there exists 6 > 0 such that forallt € R,, z € Q and y € M; the

condition g (x,y) < § implies po(7:(x), m(y)) < €.

Let S C U be a (7, K, N5s(Q)))-spanning set with 6 = J(¢) as above. Note that if
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y € mo(K), then y = my(z) for some = € K. For w € S such that ([0, 7], z,w) C Ns(Q)
and for each t € [0, 7], there exists z; € Q with g, (z¢, ¢1(t, z,w)) < §. This implies that
forallt € [0, 7]

02(pa(t, Y, b (W), me(xr)) = o2(mi (1 (t, 7, w)), me(21)) < €.

This shows that hy(S) C Us is a (7, mo(K), No(mo(Q)))-spanning set. We conclude that
a,(f,mo(K), N-(m0(Q))) < a-(f o H, K, N.(Q)), and hence

PinV,0ut(f7 77—0(]()7 7T-0(62)) S an,out(f o Ha Ka Q)

]

Remark 2.2.10. It is easy to see that if (7, H) is a time-variant conjugacy from 3 to ¥, then
(¢, H™Y) with ¢4 (y) := 7, ' (y) is a time-variant conjugacy from ¥, to 3. In this case, we

have, under the assumptions of the previous proposition,

Pinv(f oH,K,Q; 21) = an(fa WO(K),WO(Q)); 22)-

A similar argument holds for time-invariant conjugacies.

Example 2.2.11. Consider two linear control systems in R?
21 : .I'(t) = All’(t> + Bch)(t) and ZQ : .T(t) = Agx(t) + BQW(t),

where w(t) is in a compact set U C R™ forall t € R, A; € R and B; € R™™ fori =1,2. If
there is a nonsingular d x d matrix T such that Ay = TA, T~ and By = T By, then (T, idy)

is a time-invariant conjugacy from ¥, to Xo. In fact

¢
T(p1(t,z,w)) =T (etAla: +/ e(t_S)AlBlw(s)ds)
0
t
_T (etTlAQTl, Jr/ e(t—s)TlAzTT—lBQW(S)dS)
0

t
=T (T‘letAQTx + / T_le(t_s)AQTT_lng(s)ds>
0

t
— tA2, +/ e(t—S)A2BQW(s)dS = §02(t,Txa hidU (W))
0
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In this case, it follows for every admissible pair (K, (Q), and all f € C(U,R)

Pinv(f> K, Q§ E1) = Pinv(f> T<K)7 T(Q)), 22)'

Remark 2.2.12. All the results of this section can be made for discrete-time control systems,

assuming that the control-valued space U is compact.

Remark 2.2.13. At the beginning of the twentieth century, Caratheodory and Hausdorff orig-
inated the notion of dimension of invariant sets, one of the most important characteristics of
dynamical systems. The fact that the topological pressure is a characteristic of dimension type
was first noticed in [33|] and (implicitly) by Bowen [5]]. The dimensional approach of invariance
entropy was introduced recently by Huang and Zhong [23] and the dimension characteristics

of invariance pressure was presented also by Zhong and Huang [42]].



CHAPTER 3

INVARIANCE PRESSURE ON SPECIAL SETS

In this chapter we present other ways to derive the invariance pressure of a continuous-
time control system ¥ = (R, M,U,U, ¢) when the set () of an admissible pair (X, Q)
satisfies particular properties. The arguments used here is an adaptation of the results
presented in Kawan [26] and [27, Sections 2.2 and 4.2]. Firstly, when () is an isolated
set, that is, a set where the trajectories that are reasonably close () are actually inside
(). In this case, we will see that the limit for ¢ N\, 0 in the definition of Py ou(f, K, Q)
becomes superfluous. Secondly, for a inner control set (), or in other words, a set where
the control system is controllable (in a sense that we will formulate more rigorously)
in a neighborhood of it and, in this situation, we will obtain that the limit superior in

this definition can be replaced by a limit inferior.

Thirdly, we investigate how the invariance pressure of a pair (K, Q) behaves when
() is a control set (or a closure of it) with nonempty interior, and we will note that the
invariance pressure is constant when we vary the compacts with nonempty interior
K inside ). Adapting the ideas from [25, Theorem 4.4], we also get an upper bound
for the invariance pressure of an admissible pair (X, ()) of the linear control system
in terms of the spectrum of the matrix A. In the last section we get lower bounds
for the invariance pressure in terms of volume growth rates for a control system on a

Riemannian manifold.
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3.1 Isolated Sets

In the dynamical systems environment, the definitions of topological pressure via sep-
arated and spanning sets of an expansive homeomorphism are not necessary to take
the limit € \, 0 as we can see in [39, Theorem 9.6 (ii)]. This consequence also holds for

invariance pressure when we are considering isolated sets presented in [24].

We assume that X satisfies the following additional properties:

1) The set U of admissible control functions is endowed with a topology that makes
it a sequentially compact space, that is, every sequence in ¢/ has a convergent

subsequence;

2) The solution map ¢ : Ry x M x U — M is continuous when U is endowed with

the above topology.

These properties are satisfied in particular for a control-affine system (see Example

1.3.2) when U is provided with the weak* topology.
Remember that for x € M and A C M, the distance between z to A, denoted by
dist(x, A), is defined by
dist(z, A) = inf d(z,y),

where d is a metric on M.

A compact set () C M is called isolated if there exists §, > 0 such that for all

(z,w) € Ns,(Q) x U the following implication holds:

e(Ry,z,w) C N5, (Q) = p(Ry,z,w) C Q. (3.1-1)

The lemma in sequence will help us to show the main result of this section. The

proof can be found in [27, Lemma A.3]

Lemma 3.1.1. Let (X, p) be a locally compact metric space. Then for every compact set K C X

there exists some ¢ > 0 such that N.(K) is compact.

Proposition 3.1.2. Let (K, Q) be an admissible pair such that () is compact and isolated with
constant &y. Then it holds, for all f € C'(U,R)

Pinv,out(f7 K7 Q) = Pinv(f: K, NE(Q))fOT’ all € € (Oa 50]7
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Proof. Since M is locally compact, by Lemma we may assume that J, is small
enough that Ny, (Q) is compact, since assumption (3.1-1) is also satisfied for smaller 6.

By an argument, similar to [27, Proposition 2.2.17], we can see that for all p > 0 and

forall € € (0, dy] there is n € N such that for all (z,w) € N5,(Q) x U we get

max dist(¢(t,z,w),Q) < e
te[0,n]

implies dist(x, Q) < p.

Now let 0 < g1 < g9 < dp. Then there exists n € N such that for all (z,w) €
N5, (Q) x U it holds that maXco, dist(p(t, z,w), Q) < €2 implies dist(z, Q) < ;. For
arbitrary 7 > 0,let Sbe a (n+7, K, N.,(Q))-spanning set. For z € K, there existsw, € S

with ¢([0,n + 7], z,w,) C N, (Q). For every s € [0, 7], we obtain

m[gux] dist(o(t, (s, T, wy), Osw, ), Q) = Hl[[f)iX] dist(o(t + s, z,w,), Q) < €.
tel0n te0,n

Hence we have dist(y(s,z,w,),Q) < ¢; for all s € [0, 7], which implies that S is a

(1, K, N;, (Q))-spanning set. Therefore, given g € C(U,R), g > 0, we get

aT(g7 K7 Ngl(Q)) S an+T(g7 K7 NEQ(Q))) VT > 07

which implies Py (f, K, N, (Q)) < Puy(f, K, N.,(@Q)), for all f € C(U,R).

By Proposition (i) we have P, (f, K, N, (Q)) < Pun(f, K,N,(Q)) and the

proof is complete. L

3.2 Inner Control Sets

In this section, we will show that the limit superior in the definition of invariance
pressure of a control set can be replaced by the limit inferior, if certain controllabil-
ity properties near the control set are satisfied. This change holds in general (and, in
fact, is a well-known result) for the case of topological pressure of a dynamical system
(see, for instance, [39, Theorem 9.4 (vii) and (viii)]) both in definition via spanning and

separated sets. However, for invariance pressure this property is not clear in general.

A control set D C M is called an inner control set if there exists an increasing family
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of compact and convex sets {U,},co1] in R™ (i.e., U, C U,, for p; < ps), such that for
every p € [0,1] the control system ¥ with control range U, (instead of U) has a control
set D, with nonvoid interior and compact closure, and the following conditions are

satisfied:

i) U =Uyand D = Dy;
ii) D,, C int(D,,) whenever p; < p;

iii) For every neighborhood W of D there is p € [0, 1) with D, C W.

This notion (slightly modified) is taken from Kawan [27, Definition 2.6]. Below, we
will consider an inner control set D = D, (corresponding to the control range U = Uy)
and characterize the invariance pressure of the controlled invariant set Q = D with

respect to the larger control range U; D U.

The following result shows that for admissible pairs (X, () where @ is the closure
of an inner control set, the limit superior in the definition of outer invariance pressure

can be replaced by the limit inferior. The proof follows [27, Proposition 2.16].

Proposition 3.2.1. Let () be the closure of an inner control set D of a control system X. Then
for every compact set K C D, the pair (K, Q) is admissible for the control system with control
range Uy and if int K # () we have

1
Prvout(f, K, Q) = 11{1(1)1iminf—10ga7(f7 K,N.(Q)), Vf € C(UR).

T—00 T

Proof. First observe that (by the Tietze extension theorem) every continuous function
f € C(U,R) can be extended to a continuous function f € C(U;,R). We fix such an

extension. Our proof will show that Py out(f, K, Q) does not depend on this extension.

From conditions (ii) and (iii) of inner control sets, it follows that exists a monoton-
ically decreasing sequence (p;)nen in [0,1) with D, C Ny,(Q) for all n € N. Since
Q = D C int(D,,) for all n € N, we can find a monotonically decreasing sequence
(n)nen Of positive real numbers with ¢, \, 0 such that N, (Q) c D,, for all n € N.
For each n € N it is possible to steer all points of N, (@) to K with finitely many con-
trol functions using the control range U, . In fact, since N.,(Q) and K are subsets of

the control set D, for each n, then for all z € N, (Q), there exist t > 0 and u! € U,
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pr(t) € Uy, for all t, such that ¢(t7, x, i) € intK by the approximate controllability of
the control set D, . Continuity implies that there exists a neighborhood W' of x such

that ¢(t7, W7, ) C int K. By compactness there exist 27, ...,z € N, (Q) such that

kn
N, (@ clJwr.
=1

Denote S, := {u7,...,u, }, where pj = pi, and 77 := t; . Observe that given = €
N.,(Q), the trajectory ¢(t, z, u%), t € [0, 7}'], does not leave the control set D, C Ny, (Q)
by the no-return property.

For every 7 > 77, := max{7}';j = 1,...k,} consider a finite (7, K, N.(Q))-spanning
set S = {wy,...,wi}, where € € (0,¢,| and the controls take values in Uj. Let S be the

set consisting of the functions

i(t), it te|0,7—717
y”.(t){ o ilt) 0,7 =] ,(1<i<kand1l<j <k,
Hj

N t—7p), if te(r—71"7]

J J

Thus for every z € K there is a control in S keeping the corresponding trajectory in
N.(Q) up to time 7 — 7;* and then steering the solutions back to K. Now, for m €
N, define S as the set obtained by m iterations of the elements of S. Hence S is a
(m7, K, N1/n(Q))-spanning set with #8 < (#8)™ - (#8,)™ < .

We compute for v € S

mT mT

(Sur ) () = wwwzéUmm@W+m+[ F (o (£))

0 m—1)7

= [ fnnats [ -t

~Ti1

mT

+[’ m%u—m—nmﬁ+/ FOat (¢ — (mr — 7))t

m—1)7 MT—"Tj,,

= [ ftnona+ [ s, @yt
e[ s [, @)

< (S-f)(wi) + -+ + (57 F) (Wi, ) + 2mrgy sup f-
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This implies for all (7, K, N.(Q))-spanning sets S and ¢ € (0, &,

e (f K N1 (@) < 3 e

ve8
< 62m7’}f{ sup f | Z e(STf)(Wil)+~~~+(S7—f)(wim)

wi, €S; 1<I<m

<e 2mTy sup f (Z €(S Hw > . (Z e(STf)(w))

wES wES

_ 2m7'Msupf <Z (S- f)(w)

wES

It follows that a,,, (f, K, N1/, (Q)) < e*™mirs%f . (a.(f, K, N.(Q)))" forallm € N, 7 > 0

and ¢ € (0, ¢,,]. By discretization of time we get

Pinv(fa K; Nl/n(Q)) - hmsup_logamr(f K Nl/n(Q))

m—oo INT

1
S hm sup E(zﬂlﬁ\} sup f + mlog a’T(f? K7 NE(Q)))

m—r0o0

_ 2TM sup f + — ! logaT(f K, N.(Q)).

Therefore we obtain

Pinv(f; K7 Nl/n(Q>>
2 1
< lim lim inf (—TM sup f + limsup — log a.(f, K, Ne(Q)))
T

eN\0 T—00 00

1
= lim lim inf = logaT(f,K N(Q)).

eN\0 T—00
Since this inequality holds for every n € N, the assertion follows. O

Remark 3.2.2. Note that it does not necessarily follow that the limit

lim llogaT(f, K,N.(Q))

T—00 T

exists for any ¢ > 0.
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3.3 Control Sets

In this section we present an interesting fact that invariance pressure of control sets
satisfies: If D is a control set with nonempty interior, then for all compact X C D,
(K, D) is an admissible pair and Py (f, K, D) does not depend on K, provided that &
has nonvoid interior. This fact will be extremely important to obtain an upper bound
for Py (f, K, Q) of linear control systems in terms of the positive real parts of the eigen-

values of A.

As an application we will consider a simple mechanical system composed by a
pendulum where external torques are applied in order to "control" its position and the

velocity.

The ideas used in this section follow from Kawan [25] and [27, Chapter 5].

Proposition 3.3.1. Let Q C M be a set with the no-return property. Assume that (K, Q) and

(K3, Q) are two admissible pairs such that Ky has nonempty interior and

Ve € Ky Jw, €U I, > 0: (70, 7, w,) € INtKs.

Then forall f € C(U,R)
Pinv(fa Kl?Q) S Pinv(f, KZa Q)

Proof. Note that if there exists 7y such that a.(f, K3, Q) = +oo for all 7 > 7, then
Py (f, K2,Q) = 400 and hence the assertion holds.

If this is not the case, we can get a sequence 7, — oo such that a,, (f, K3, Q) is finite
for all k. For all x € K, let w, € U and 7, > 0 as in the assumption. Since (7, -, w,)
is continuous, we find, for every x € Kj, an open neighborhood V, of x such that
©(Ty, Vi, w,) C intK,. By the no-return property of (), we have ([0, 7|, y, w,) C @, for
ally € K1 NV,. The family {V, },ck, is an open cover of K; and by compactness there
existxy,...,x, € Ky with K C U, V,.. Now, letS := {u1, ..., u} beafinite (1, Ks, Q)-
spanning set, for some 7 > 7y, — 7, where 7); := maxi<;<, T, and 7, := miny<;<, 7,

For every index pair (i,7) with 1 < i < n, 1 < j < k such that there exists © €

K with y, = ¢(7,, 7, w,,) € intK, and ¢([0, 7], ¥, 1) C Q, we can define a control
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function

—Ty,), if t>7,

vij(t) = { we,(t), if t € [0, 7] ‘
5 (¢

Define the set S of all these control functions. Let 7 := 7 + Tm, hence 7 > 7 — 75,. Then
S is a (7, K1, Q)-spanning set by construction, and consequently, for all f € C(U,R),

f >0, we have

;

(S2f)(vij) = (Sr F)we) + [ (st = 70,))dl

Tzi

= (S, f) () + / T Gy ()de

= (57, N (wa) + (S, ) (115)
< (S, M) (ws) + (S F) (1)-

Hence
0 K0 Q) < ar(f, K1, Q) < 3 e < 3 lSra Nen 8w
Vij cS 1<i<n, pes
< T S n) 3 500 < pellinn $ (D
1<i<n HES HES

because 0 < 7 — 7,, < 7. Since this inequality holds for all finite (7, K5, ))-spanning
sets, we have

(17—<f, K17 Q) < nenf”TMaT(fa K?a Q)7 T>TM — Tm,
where nel/I™ is constant in 7. Therefore, we obtain for all f € C(U,R),f > 0,
Pinv(f; K17 Q) S an(f; K27 Q)

Now consider an arbitrary f € C(U,R). Then f € C(U,R) given by f(u) = f(u) — inf f
satisfies f > 0. Using Proposition [2.1.11|(ii) it follows that

an(fa Kla Q) = an(fy Kla@) + quel(f]f(u) S Pinv(fa KQa Q) + ;rgl(fjf(u)
= Py (f, K5, Q) — nf f(u) + inf f(u)
- Pinv(fu K27Q)‘
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]

As an immediate consequence we can see that for all f € C(U,R), Pny(f,-, D) is

constant when we vary the compacts with nonvoid interior K inside D.

Corollary 3.3.2. Let D C M be a control set and let K, Ky C D be two compact subsets with
nonempty interior. Then (K, D) and (K», D) are admissible pairs and for all f € C(U,R) we
have

Pinv<f7 KlaD) = an(.ﬂ K27 D)

Proof. This follows, since control sets with nonvoid interior satisfy the no-return prop-
erty and (K, D) is admissible for any K C D, because all control sets are controllable

invariant. O

We consider a class of linear control systems presented in Example[I.3.1 where A is
hyperbolic (that is, A has no eigenvalues on the imaginary axis). Suppose that the pair
(A, B) is controllable (that is, rank[B AB --- A4"'B] = d). Consequently, the control
system is locally accessible. For simplicity, we will denote such a system ¥;,,.

The following result generalizes and improves [6, Theorem 27] (where the outer

invariance pressure was considered). The proof follows Kawan [25, Theorem 4.3], [27,

Theorem 5.1], considerably simplified for the linear situation.

Theorem 3.3.3. Consider a linear control system of the form ¥, and assume that the pair
(A, B) is controllable, that A is hyperbolic and the control range U is a compact neighborhood of
the origin in R™. Let D be the unique control set with nonempty interior and let f € C(U,R).

Then for every compact set K C D the pair (K, D) is admissible and

Pn(f, K, D) < Z maX{O,n,\Re()\)}—l—inf%/O flw(s))ds,

Ao (A)

where o(A) denotes the spectrum of A, ny is the algebraic multiplicity of A € o(A) and the
infimum is taken over all T' > 0 and all T-periodic controls w(-) with a T-periodic trajectory

x(-) in intD such that {w(t);t € [0, T]} is contained in a compact subset of intU.

Proof. We will construct a compact subset X' C D with nonvoid interior such that

Pu(f.K.D)< Y max{O,nARe()\)}%—inf% /T F(wo(s))ds.
AEa(A) 0
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Then the assertion will follow, since every compact subset of D is contained in a com-
pact subset K of D with nonvoid interior and the invariance pressure is independent

of the choice of such a set K by Corollary(3.3.2

For the proof consider a 7-periodic control wy(-) with 7y-periodic trajectory as in
the statement of the theorem. We can transform A into real Jordan form R without
changing the invariance pressure, cf. Example and, without loss of generality,
we can write

70
zo = efoxy + / eR(TO’S)Bwo(s)ds. (3.3-2)
0

Step 1: Choose a basis B of R? adapted to the real Jordan structure of R and let
Ly(R),...,L.(R) be the different Lyapunov spaces of R, that is, the sums of the gener-
alized eigenspaces corresponding to eigenvalues with the same real part p;. Then we
have the decomposition

R?=Li(R) & @ L.(R).

Let d; = dim L;(R) and denote the restriction of R to L;(R) by R;. Now take an inner
product on R? such that the basis B is orthonormal with respect to this inner product

and let ||-|| denote the induced norm.

Step 2: We fix some constants: Let Sy be a real number which satisfies

So > Z maX(O, djpj)
j=1
and choose ¢ = £(.Sy) > 0 such that
0<dé<Sy— Zmax(o,djpj).

Jj=1

Let 6 € (0,¢) be chosen small enough such that p; < 0 implies p; +§ < 0 for all j. It

follows that there exists a constant ¢ = ¢(d) > 1 such that for all j and for all k € N

HetRj H < celPitOt forall t > 0.
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For every t > 0 we define positive integers

\_e(pﬁr&)tj +1 if p; >0
1 if pj<0

Moreover, we define a function  : (0, 00) — (0, 00) by

/d.
— (pj+o)t J
o) = oo [6 Mj(t)] S
If p; < 0, then p; + & < 0 and M;(t) = 1. This implies that e(?s+9! /M;(¢) converges to

zero for t — co. If p; > 0, we have M;(t) > el?i*9t and hence

(pj+)t _V dj <

M;(t)

eoriin NV _ oen s (3.3-3)

e(Pj +&)t

e

Since 0 € (0,¢), we have 6 — ¢ < 0 and hence the terms above converge to zero for
t — oo. Thus, also 3(t) — 0 for ¢ — co. Since we assume controllability of (A, B) there

exists C' > 0 such that for every \ € R? there is a control w € L>(0, 7, R™) with
70
(10, \,w) = efi™A +/ =9 Buy(s)ds = 0 and ||w|,, < C||A]. (3.3-4)
0

The inequality follows by the inverse mapping theorem.

For by > 0 let C be the d-dimensional compact cube C in R? centered at the origin
with sides of length 20, parallel to the vectors of the basis 5. Choose b, small enough
such that, with zy := x(0)

K:=xs+CCD

and B(wy(t),Cby) C U for almost all ¢t € [0, 7y]. This is possible, since z, € intD and

almost all values wy(t) are in a compact subset of the interior of U.

Step 3. Let ¢ > 0 and 7 = k7 with & € N. We may take £ € N large enough such
that
d
—log2 < e. (3.3-5)
-

Furthermore, we may choose b, small enough such that Cb, < e. Partition C by di-
viding each coordinate axis corresponding to a component of the jth Lyapunov space

L;(R) into M,(7) intervals of equal length. The total number of subcuboids in this
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partition of C is []}_, M;(7)%.
Next we will show that it suffices to take [[;_, M; (7)% control functions to steer the

solutions from all states in xy + C back to zy + C in time 7 such that the controls are

within distance ¢ to wy.

Let A be the center of a subcuboid. By (3.3-4) there exists w € L>(0,7,R™) such that
(1, A\, w) =0and [jw| < C|A| <Cb < e.

Hence w(t) € U for a.a. t € [0, 7] and, using (3.3-2) and linearity, we find that z, + A is

steered by wy + w in time 7 = k7 to o,
90(7_7 Zo + )‘7 wo + UJ) = 30(7_7 Lo, WO) + 90(7_7 )‘7 w) = Zp- (33_6)

Now consider an arbitrary point z € C. Then it lies in one of the subcuboids and we
denote the corresponding center of this subcuboid by X with associated control w. We

will show that wy + w also steers ¢ + x back to g + C. Observe that

bo
=N < ———\/d;.
HJI H — Mj(T) J

This implies that

bo
Mj(k’To)

ez — ™| < ||e(kTORJ')H |z — || < celpitdkm Vd; — 0 for k — oo,

and hence for k large enough ||e™#z — e7#)|| < by. This implies that the solution

t
o(t, vo + 7, Wy + w) = eF(zg +2) + / e B [wo(s) 4+ w(s)] ds,t > 0,
0
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satisfies for k large enough by (3.3-6) and linearity,

llp(T, 0 + 2, wo + w) — 0|

e (g + 1) + / ) B [wo(s) 4+ w(s)] ds — xg
0

< |le™ (@0 + ) — e (o + ) || +

ez + A) + / e B [wo(s) + w(s)] ds — 2o
0

< ||z — eTR)\H + J(T, 20 + A, wo + w) — 0|

< Ce(pfr& kTo / < b
> kTO 0-

Hence we have proved that [;_, M; (7)% control functions are sufficient to steer the
solutions from all states in z, + C back to z, + C in time 7. By the no-return property of
control sets it follows that the trajectories do not leave D within the time interval [0, 7].
By iterated concatenation of these control functions we can construct an (nr, K, D)-

spanning set S for each n € N with cardinality

<H Mj(T)dJ) — H ([e(pj+§)TJ +1)%

J:pj20

It follows that

log a,(f, K, Q) <10gz (Snrf)(w logz Jo" Flw(®)dt

weS weS
— log 3 el Solt)den 571 (o)~ lon(e)l
weS

< log | 37 el st oJi i

weS
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This implies

n—i_loganT(f, K, Q) < % Z dj log( \_e(pj"{)’fj + 1) + = f(OJO(t))dt—l-g

nt
30§20 0

1 1 [™
< - Z d;log(2ePitoT) ¢ T—/ f(wo(t))dt + ¢
0 Jo

Jipj 20

d 1 1 [
< ;logQ—i-; Z dj(pj—i-{)T—l—T—o/o flwo(t))dt + ¢

J:pj =0

d 1 [
<SS+ Y dr [ St

J:pi =0

1 7o
< S+ —/ Flwo(t))dt + 2¢.
To Jo

Here we have also used (3.3-5). Since ¢ can be chosen arbitrarily small and S, arbitrarily

close to > 7, max(0, d;p;), the assertion of the theorem follows. O

Remark 3.3.4. The Theorem can be generalized for a control set D with compact closure
of a continuous-time control system ¥ = (R, M, U, U, ¢) on a connected smooth manifold M
in the following way: Let D C M be a control set with nonempty interior and compact closure
for the control system X.. Then for every compact set K C D, the pair (K, D) is admissible and

for all potentials f € C(U,R) the invariance pressure satisfies

r(z,w) T
. 1
Pu(f, K, D) < (112,1;) jEZl max{0, d;(z,w)p;(z,w)} + T/o flw(s))ds 7,

where the infimum is taken over all (T, z,w) € (0,00) x intD x U such that the T-periodic
controlled trajectory (¢(-,x,w),w(-)) is regular on [0,T] (see [27, Sect. 1.5]), the values
w(t),t € [0,T), are in a compact subset of intU, and p,(z,w),...,p(z,w), r = r(z,w),
are the different Lyapunov exponents of (p(-, z,w),w(-)) at (x,w) with corresponding multi-
plicities dy(z,w), ..., d,(x,w) (see [27, Sect. 5.1]). The proof follows the same ideas of [25),
Theorem 4.3].

The following remark is helpful to see the relation to Floquet exponents.

Remark 3.3.5. Consider a 1o-periodic solution of

&(t) = Az(t) + Bu(t).
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Then the Floquet exponents of the linearized system (linearized with respect to x) are given
by the real parts of the eigenvalues of A and also the algebraic multiplicities coincide. More

generally, the Lyapunov exponents are given by
lim 1log||D (t,z,u)y|| = lim LlogHeA"T | =A
t—oo { #PAL T, WY n—oo NI y ’

depending on y. In fact, we have to analyze the eigenvalues of the linearization of the map
z = (1o, z,u) = ez + [0 079 Bu(s)ds given by Dyp(7o,z,u) = e*™. Thus the

assertion is a consequence of the spectral mapping theorem.

The Remark 3.3.5]shows that

Z max{0,n Re(\)} = Zmax{(), dip;},

A€o (A)

where py, ..., p, are the different Lyapunov exponents with corresponding multiplici-
ties of a periodic solution corresponding to a periodic control. This is the term occur-

ring in the estimate for the invariance entropy in Kawan [27, Theorem 5.1].

Corollary 3.3.6. Consider a linear control system of the form ¥, and assume that the pair
(A, B) is controllable, that A is hyperbolic and the control range U is a compact neighborhood
of the origin. Let D be the unique control set, let f € C(U, R) and suppose that min, ey f(w) =
f(wo) with wy € intU and there exists x € intD with Axg + Bwy = 0.

Then for every compact set K C D with nonempty interior we have that (K, D) is an

admissible pair and

Pay(f, K, D) = > max{0,naRe(A\)} + f(wo)-
A€o (A)

Proof. This follows by Theorem since (wo, xo) is a (trivial) periodic solution in

intU x intD, and for every T-periodic control w(-)
1 T
7| Fes)ds = fan)
0

O

Example 3.3.7. Consider the one-dimensional linear control system given by the differential
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Figure 3.1: Pendulum.

equations

Yo oa(t) =ax(t) +w(t), wel,
where a > 0. We assume that the control range U = [—1, 1]. Then the compact interval Q) =
[—1, L] is the closure of the unique control set with nonempty interior D = O~(0) = (-1, 1)
of .

Let f € C(U,R) such that f(ug) = inf f for some uy € intU. Then xy := —*> € intD and
(o, uo) satisfies axy + uy = 0. By Corollary we have

Puy(f, K,Q) = inf f +a.

The next example (cf. [36, Section 1.2]) presents an application of outer invariance
pressure to a mechanical control system and shows that, in this case, this quantity is
related with the exponential growth rate of total impulse of external forces acting on

the system.

Example 3.3.8. Consider a pendulum to which one can apply a torque as an external force (see
Figure [3.1). We assume that friction is negligible, that all of the mass is concentrated at the
end, and that the rod has unit length. From Newton’s law for rotating objects, there results, in
terms of the variable « that describes the counter clockwise angle with respect to the vertical,

the second-order nonlinear differential equation
mda(t) + mgsin(a(t)) = w(t), (3.3-7)

where m is the mass, g the acceleration due to gravity, and u(t) the value of the external torque

at time t (counter clockwise being positive).

The vertical stationary position (a, &) = (m,0) is an equilibrium when the null control



3.3 Control Sets 72

wo = 0 is applied, but a small deviation from this will result in an unstable motion. Let us
assume that our objective is to apply torques as needed to correct such deviations. For small
a—T,

sin(a) = —(a — ) + r(a — ),

when r(t) is a function which satisfies lim,_, @ = 0.

Since only small deviations are of interest, we drop the nonlinear part represented by the
term r(t). Thus, with v := a — m as a new variable, we replace equation by the linear
differential equation

mH(t) — mgy(t) = w(t).

If we denote x1 = v and x4 = *, then we obtain

x 01 x 0

DI H = e w, w(t) € U :=[—¢,¢],e > 0.
jfg g 0 T %
:;A =:B

Note that the eigenvalues of A are Ay = £,/g. System X, is via the (time-invariant) conjugacy
map (T, idy ) conjugate to (cf. Example(2.2.11

: 1
Iy -9 0 o 5m
22 . ' = \/_ + 21 W,
Lo 0 \/ﬁ Ty 5
(. ~- 7 N’
:;A’ :!E

because A = TAT ' and B = T B, where

11
T—1 V9 ad T~ = | V& Vo
N 11

Note that A is hyperbolic and the pair (A, B) is controllable. By Theorem |1.3.10, the unique

control set D with nonvoid interior of X is

€ 9

“2myg’ 2m«§] : (_2m€¢a’ 2m€¢§) |

D—OﬂmmO(m—[

Then the unique control set with nonvoid interior of ¥ is given by D := T(D) and one
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computes

D =[~d,d] x (—d,d) withd _5\2/?;;_1

Here for a compact subset K C D a (7, K, D)-spanning set S represents a set of external
torques w that cause the angular position of the pendulum to remain in the interval [—d, d]
and such that its angular velocity does not exceed (—d, d) when it starts in K. If f(u) = |u|,
uweU=|—¢e¢]| then f € C(UR)and 0 = f(0) = inf f. Note that here (S, f)(w) represents
the impulse of the torque w until time 7. Hence, the invariance pressure Py (f, K, D) measures
the exponential growth rate of the quantity of total impulse required of the external torques
acting on the system to remain in D as time tends to infinity. Corollary implies that
Pv(f, K, D) = /g = hiny(K, D). The reason is that within the control set D one may steer
the system from K arbitrarily close to the equilibrium 0 € R? and keep it there with arbitrarily

small torque.

3.4 Lower Bounds

Consider a control system ¥ = (R, M,U,U, ¢) on a Riemannian manifold (M, ¢g) and
suppose that for each ¢ > 0 and w € U, the map ¢;,, : M — M is a diffeomorphism. In

our case, it happens if the following two assumptions are verified:
e Foreach u € U, the map F,, : M — T'M is infinitely differentiable.
o U ={we L®R,R"); w(t) € Uae.}.

The ideas of this section come from [26] and [27] Section 4.2]. Here we provide a lower
bound for the invariance pressure when both sets of an admissible pair (X, () have

finite and positive Riemannian volume vol.

Theorem 3.4.1. Let f € C(U,R) and (K, Q)) an admissible pair for X such that () is open or
closed and both K and () have finite and positive volume. Then

: 1 :
Pu(f, K,Q) > h?l—igp = wug(xu / f(w(s))ds + logmax ¢ 1, (m,w%relf(xu | det dyr 0]
QO( 0 ’T LW CQ @([OzT]zx7w)CQ

Proof. Initially note that we may assume that for all 7 > 0, there exists a finite (7, K, Q)-
spanning set, because if there is 7y > 0 such that for all 7 > 7 every (7, K, Q)-spanning

set is infinity, then P, (f, K, Q) = oo and the result becomes trivial.
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Let 7 > 0, S be a finite (7, K, ))-spanning set. For each w € S, define
K, ={z € K; ¢([0,7],z,w) C Q}.

In this case, K = U,esK,, because S is a (7, K, ())-spanning. If ) is closed, we can

write each K, as countable intersection of measurable sets:

K,=Kn (] #Q)
t€[0,7]NQ
and if @) is open, K, is relatively open in ) by continuity of ¢,(-,-). Since ¢, is a

diffeomorphism, also ¢, (K, ) is measurable. Then

(zw)eK xU

vol(prw(Ky)) = / dvol = / | det der,|dvol > vol(K,,) inf | det d,r 0] -
Pr w(KuJ) w
f([O,T],x,W)CQ

o(7)

Put = inf S , th
ut f(r) = fnf  (Sf)(w), then
‘P([OvTvaw)CQ

PIvol(K) < Z S H@yol(K,,) < max vol(, )Ze(sTf)(w)

wES
weS weS

vol(Q (S f)(w
max{1, a(r)} Z;
because ¢, (K,) C Q, implying vol(¢-.(kK,)) < vol(Q). The previous inequalities
hold for every (7, K, Q)-spanning set S, therefore

vol(K) 4.,

a(f, K,Q) > VOl(Q)e P max{1, a(1)},

. . . vol(K
The result follows from the previous inequality and by the fact that < 1(( Q)) € (0,00). O

Corollary 3.4.2. Under the same assumptions of Theorem the following estimates hold:
i)
‘PiDV(f7 K? Q)
> limsupl inf / flw(s))ds+  inf max{ / divE, (e (s,x,w))ds}
0 0

=00 T (z,w)eK XU (z,w)eK XU
o([0,7]z,w)CQ o([0,7]z,w)CQ
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i)
Pn(fK.Q) = tmin | it~ [ fla(o)d
o (f K > limin in - w(s))ds
T—00 (zw)eKxU T Jq
e([0,7]z,w)CQ
. . 1 T
+ liminf inf —max{O,/ dlvo(s)(go(s,x,w))ds}
T—00 (zw)eKxU T 0
©([0,7]z,w)CQ
iii)

Pun(f, K, Q) > maX{O, inf diVFu(x)} + inf f.

(z,u)e@QxU

Proof. i) The result follows immediately from the Liouville’s formula

log |det dypr | = / divF, s (¢(s, z,w))ds.
0

ii) It is sufficient to note that, in general, given functions gy, g : Ry — R, then

limsup g1(7) > liminf ¢, (7) and liminf(g,(7)+g2(7)) > liminf g, (7) +lim inf go(7).

T—00

iii) We just have to observe that

7 inf divE,(x) §/ divF, ) (¢(s, z,w))ds and Tinffg/ f(w(s))ds.
0 0

(z,u)e@QxU



CHAPTER 4

INVARIANCE PRESSURE FOR DISCRETE-TIME
CONTROL SYSTEMS

In 2004, Nair et al. defined the topological feedback entropy via invariant covers of
a set () (with some invariant conditions imposed) and they proved that this quan-
tity characterizes the smallest average data rate above which it is possible to render
the set () invariant by a causal coding and control law (see [32, Section III]). Nine
years later, Colonius, Kawan and Nair modeled rightly the original definition of in-
variance entropy presented in [9] via spanning sets for discrete-time control systems
and they showed in [10] that these control entropies are essentially equivalent when @)

is strongly invariant.

This equivalence of the definitions via spanning sets and (invariant) covers is also
verified for topological entropy for dynamical systems on compact metric spaces (see,
for instance, [39, Theorem 7.8]). Although this fact is valid for topological pressure

only when one consider covers with diameter arbitrarily small.

This chapter follows [6] and proposes to generalize the definitions and some results
presented in [32] and [10] for the invariance pressure case and, in contrast to what oc-
curs with topological pressure, we can show that for all f € C(U,R), both definitions
via spanning sets (inner invariance pressure) and invariant covers (topological feed-
back pressure) coincide for a strongly invariant set ). In the last section we propose a

generalization of the concept of transmission data rate of a channel, presented in [32],
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and we get that the invariance pressure is characterized by the smallest weighted aver-
age data rate above which it is possible to render the set ) invariant by a causal coding

and control law.

4.1 Inner Invariance Pressure

In order to construct the inner invariance pressure for discrete-time control systems let,

for f € C(U,R),

[y

n—

(Snf)(w) = flui), w=(u)ien, €U,

i

I
o

and

a,(f,Q) := inf {Z e Sisa (n,Q, intQ)-spanning} .

weS
Definition 4.1.1. For a discrete-time control system of the form , a strongly invariant
compact set () C X and f € C(U,R) the inner invariance pressure of () is defined by the

limit
o1
Pinv,int(f7 Q) = nlg& ﬁ IOg an(fa Q) (41_1)
Note that if f = 0 is the null function in C(U,R), then > 50 =% 1 =
#S, hence
an(0,Q) = inf {Z 30 Sisa (n,Q, intQ)-spanning}
weS
= inf {#S; Sisa (n,Q, intQ)-spanning}
= TinV,in’t(nv Q) (41_2)

Taking the logarithm, dividing by » and letting n tend to co one finds that Pyint(0, Q) =

hinvint(@). Hence the inner invariance pressure generalizes the inner invariance en-

tropy.
Remark 4.1.2. The same result of Proposition is verified for a,(f,Q), that is,

a,(f,Q) = inf {Z W) S is a finite (n, Q, intQ)—spanning} :

weS

The proof is analogous to that made in Proposition[2.1.4and can be found in [6, Proposition 5].
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Based on this result, in the following we will only consider finite spanning sets. We

still have to show that the limit in (4.1-1) actually exists.

Proposition 4.1.3. For f € C(U,R), the following limit exists and satisfies
li 1 1 = inf ! 1
Jim —logan(f,Q) = inf ~logan(f, Q).

Proof. This follows by a standard lemma in this context (cf., Lemma [1.4.9), if we can
show that the sequence loga,(f,Q),n € N, is subadditive. Let S; be a (n, @, intQ)-
spanning set and S; a (k, @, intQ))-spanning set. Then define control sequences of
length n + k by

R n+k
W= (Ugy ..+, Up_1,00,..,05_1) € U,

for each w; = (ug,...,u,—1) € S and wy = (v, ..., v5_1) € So. We claim that the set S
of these control sequences is a (n + k, (), intQ))-spanning. In fact, for x € @ there exist
w1 € 81 such that

o(j,r,w) =p(J,r,w) €ntQ,j =1,...,n.

Since ¢(n, z,w;) € int@Q) C Q and S, is strongly (k, @, intQ)-spanning, there is a wy € S,
such that

QD(TL‘{’j,SE,W) = cp(j,go(n,a:,wl),wQ) S lntQaj = 17 .- 'ak'

This shows the claim. Furthermore, for all S; and S,

T eSene) = 37 (SN < § SNl 3 e,

weS w€eS w1ES] w2 ES2

Hence a,+1(f, Q) < an(f,Q)ar(f, Q) and the subadditivity property follows proving

the assertion. O]

Example 4.1.4. Consider a scalar linear control system of the form
Tyl = QTpy1 + U, up € U 1= [—1, 1],

with a > 1 and let Q := |- +¢, 25 —¢|, where ¢ > 0 is small. Let f € C(U,R) be
given by f(u) = |u|,u € [—1,1]. We claim that Ppyint(f, Q) = loga = hinyint(Q), where the
equality for the inner invariance entropy of () has been shown in Colonius, Kawan and Nair

[10, Example 3.2].
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In order to show Ppyint(f, Q) > loga, consider for n € N a finite (n, Q, intQ)-spanning
set S. For w € S define

Qu={r € Q;p(j,r,w) €intQ for j =1,...,n}.

Then Q@ = |J Q. and hence the Lebesgue measure X satisfies \(Q)) < > A(Q.). Furthermore,

weS weS
for z € @, we have

o(n,z,w) =a"r + i a'u; € Q,

i=0

which implies that A\(Q) > a"\(Q,,). Thus
MQ) < Z;A(Qw) < #S max A(Qu) < #S-a"AQ)
and hence #8 > a™'. Since f(u) > 0, it follows that
an(f, Q) = inf {Z e N S s a (n, Q, intQ)-spanning set} > a"
wes

and hence

1
Pinv,int(fv Q) = lim — log an(fa Q) Z loga'
n—oo n,

In order to prove Ppyint(f, Q) < loga, we use that the inner invariance entropy is given by

hinyint(Q) = log a. If a solution with x € () and control values u; € U satisfies for k > 1
k—1
o(k, 20, w) = a*xy + Z a'u; € int@),
i=0

then it follows for every § € (0, 1) that du; € U = [—6,0] C [-1,1] = U for all i and

k—1
Sp(k, zo,w) = a"dxy + Zaiéui € int(dQ) C int(Q).
i=0

Hence the solution keeps the initial point dxo € d() with control values du; € SU in int(6Q)).
Observe that f(u;) = |ou;| < 6.

Take 0 < § < -5 —e. Then for xg € Q = |15 +¢, 25 —¢] thereare n € N and
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w = (u;) withw; € U = [—1, 1] such that
lo(n, zg,w)| < dand p(k,zo,w) € Q forallk=1,...,n—1.

This is seen as follows. If zy € [0, =5 — €], we can make a step to the left of xo of length |
where | € (0, (a — 1)e] is arbitrary. In fact, using the control value uy = —1 € [—1,1] one

obtains for x1 = axy + uo that

xl—xozcwzo—xo—lg(a—l)< —5)—12—(@—1)8<0.

a—1

Similarly, for up = —1 + (a — 1)e € [—1, 1], one computes x1 = x, and hence, by continuity,
one can make steps of length [ to the left.

Analogously for xg € [ + ¢€,0] one can make steps to the right.

Going several steps, if necessary, one can reach the interval (-9, 6) from each point of Q).

By the arguments above we know that we can stay in the interval (—6,0). Together we
have shown that there is a time ny € N such that for every x € () there is a control w with
©(ng, x,w) € (—0,0). By continuity, there are finitely many controls wy, . .. ,wy such that for
every x € () there is w; with ¢(ng, x,w;) € (—0,0).

Now choose a finite (n, Q, int())-spanning set S with minimal cardinality #S = Tinyint(n, Q).
This yields the set S5 := {dw;w € S} of controls with values in [—6, 0] which keep every el-
ement in 0(Q). Concatenations of the controls in Sy with the controls w.,...,wy yields an
(no+n, Q, intQ)-spanning set S’ with cardinality #S" < N-#S. For k € {no+1,...,no+n},
the controls in 8" have values in [—§, 0], hence f(u) = |u| < ¢ here.

We compute for ' = (u;) € S’

no+n—1 no—1 no+n—1
(Soenf)W) = 3 flw) =D flu)+ 3, flw)

S ny max |U| + n max |U| =Ny + n5
ue[—1,1] u€[—6,6)
This yields
an_‘_no(f’ Q) S Z e(Sn+n0f)(£U) S #Sl . €n0+n6 S N - #S . 6710+n(5

w'eS’!

=N- rinv,int(ny Q) : eno+n57
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and hence

an,int(f; Q) = lim sup IOg QAn+ng (f> Q)

n—oo N 0
1 ng + nd
< lim su log N + —10g Tinw,int (N, Q) +
o n—)oop n+no & n—+ngn 8 Tinw.int (1, ) n 4+ ng

Since "t < 92§ for n large enough it follows that Pryint(f, Q) < hinyint(Q) + 26 which

n+ng

implies Piyint(f, Q) < hinyint(Q), since § > 0 is arbitrary.

The discrete-time case has a particular formulation of Proposition Let ¥ =
(Z,X,U,U,p) and suppose we take N € N steps at once. Then, naturally, the solution
¢(N,z,w) may be in () while there may exist ¢ € {1,...,N — 1} with p(i,z,w) ¢ Q.
Hence, for a power rule in invariance problems of discrete-time control systems one
has to exclude this a-priori. Therefore, we must assume that () satisfies the no-return
property for the discrete-time environment.

Starting from control system define the following control system. Given
N € N, the control range is UN = U x ... x U and the set of corresponding controls is
denoted by U”. Then a bijective relation between the controls in ¢/ and in U" is given
by

iU = UY w= () = (W) = (W(Nk),...,w(Nk+ N —1)).

The solutions will be given by ¢ (0, z,w) = z and for k > 1

(pN(kJ, z,i(w)) = kN, z,w).

Then, these are the solutions of Xy = (Z, X, UY, U™, ") whose difference equation
has the form

T = F™ (2, 01), v, € U, (4.1-3)

and the solutions can be written as

P (b, 2,w) = Py gne1) () © 0 PN (@).

Proposition 4.1.5. In the above setting, let () a strongly invariant set for X which () satisfies
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the no-return property. Then () is a strongly invariant set for ¥ and for every f € C'(U,R)

Pinv,int(97 Q; EN) =N- Pinv,int(fa Q; 2)7

where g € C(UN,R) is given by g(ug, ..., un_1) := Zi]\!ol f(uy).

Proof. 1t is easy to see that () is a strongly invariant set for ¥ . Note also thatif S C U/ is
a (nN, Q,intQ)-spanning set for ¥, then SV := {i(w); w € S} isa (n, Q, intQ)-spanning
set for ¥y. Analogously, if SV is a (n, Q,intQ)-spanning set for Xy, then i !(SV) is a
(nN, Q,intQ))-spanning set for 3. Therefore

Z e(Sng)(w) — e(San)(W)'

weSN wei~1(SN)

Then a, (g, Q; Xn) = a,n(f, Q; %) and so

.1 . 1
Piyvint(9,Q;Xn) = lim - loga,(g,Q;XN) = Nnh_>n010 mbg ann(f, Q: %)

n—oo

= N- Pinv,int(f:Q;E)'

4.2 Topological Feedback Pressure

Next we introduce a notion of invariance pressure based on feedbacks and show that
it coincides with the invariance pressure defined above.
Open covers in entropy theory of dynamical systems are replaced in case of control

systems by invariant open covers, introduced in [32].

We say that a set of controls of the form
Wi = {w(ay); a; € AN fori € I}

is a generating set of feedback controls (of length n7) for the invariant open cover C, if
the sets B, («;),i € I, form a subcover of B,,(C) which is minimal in the sense that none
of its elements may be omitted in order to cover (). (Its number of elements needs not

be minimal among all subcovers.) Hence @ = |J,.; Br(a;) and the number of elements
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#1 in the index set I is bounded by #5,,.

Define for w = (u;);en, € U

and set

¢ (f,Q,C) = inf { Z e D)) is a generating set for C} .

WEWn
Definition 4.2.1. Consider a discrete-time control system of the form (1.3-5), a strongly in-
variant compact set Q C X and f € C(U,R). For an invariant open cover C = (A, 1,G),
put

Palf,Q.€) = lim —log g (f,Q.C) @24

and the topological feedback pressure is defined as

Py (f,Q) = inf{ Py (f,Q,C); C is an invariant open cover of ) }.

Here are several comments on this definition. If f = 0 is the null function in

C(U,R), then

D PO =D 1=,

wEW, weWn
hence
qn (0, = inf { Z 5 0 W is a generating set for C}
wGWn

= inf {#B; Bis a subcover of B,} = N(B,;Q),

where N(B,,;()) denotes the minimal number of elements in a subcover of 5,,. Hence
one finds that the topological feedback entropy %4, (C) of C (as defined in [27, p. 70])

satisfies

1
hfb(c) lim — IOg N(Bna Q) = lim Sup o 10g Qn(o Q C) be(07 C)a

n—oo NT n—00
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and so the topological feedback entropy of the control system (1.3-5) satisfies

hin(Q) := inf{hg(C); C is an invariant open cover of ()}

= inf{ Py (0,C); C is an invariant open cover of Q} = Py, (0, Q).

Hence the topological feedback pressure is a generalization of the topological feedback

entropy.

The following lemma provides the remaining proof that the limit in (4.2-4) actually

exists.

Lemma 4.2.2. If f € C(U,R) and C = (A, 7,G) is an invariant open cover of (), then the

following limit exists and satisfies

o1 .1
ggxgoﬁlogqn<f,Q,C) = inf Elogqn(f,Q,C)-

Proof. The assertions will follow from Lemma if the sequence log ¢, (f,Q,C), n €
N, is subadditive. This will be shown by constructing a generating set W, from
generating sets W, and W, with the desired properties.

Let W, = {w(a;),...,w(a;,,)} and Wy = {w(B4),...,w(Bi,)} be generating sets
of feedback controls. Here a; and f3; are given by sequences of sets in A in the form

a; = (A7), and f; = (Al) . Then define for all i and j sequences in A by

aiﬂj:<A8”,...,Ao‘i Agj,...,Afjj_l,...).

n—1

If we denote by A% the oth element of a;f3;, then

Aoty A% if 0<o<n-1
o - Aﬁj

o—n?

if o>n.

Claim: The set
{w<&zﬂj>a2 € {ila s 7Z.M}7j S {jla s 7]K}} (42-5)

contains a generating set of feedback controls.
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First note that by the cocycle property one finds forc =0, ... .k

Q0(0'+n)7',w(aiﬁj) = SDUT,(H”Tw(aiBj)) o QOnT,w(aiBj) - SOJT,w(Bj) o Spn‘r,w(ai)a

and hence
—1 . —1 —1
Plotn)rwaiB;) = Prrwlas) © Porw(s;)
Thus for all 7 and j
Byt (@ifs) = Ba(ai) N9, (s, (Br(5)))- (4.2-6)
In fact,
n+k—1

B?’L“rk Oézﬁ] m (ponrw(alﬁj CMBJ)
a; —1 a;B;
= ﬂ 9007'0.) alﬁj B]) nTw (i) |: ﬂ S0:77' OnTw(oy B5) AU+TJL):|

= ﬂ cparw (i) Aal nTw (0iBy) |: m sparw(ﬁj AB] :|

— Ba(as) N0k (Br(B).

Clearly the sets B, x(a;0;) are elements of B, ,(C). It follows from (4.2-6) that they

cover (), since this is valid for the families

{Bn(i);i € {i, ... in}} and {Bn(B5);5 € {j1, -, ix}}-

Hence the collection in (4.2-5) is a subcover of B,,.;(C) and one finds in the family
an associated generating set of feedback controls which we denote by W, ;. Thus

the Claim is proved.

In order to show subadditivity of the sequence log ¢,(f,@Q,C),n € N, note that for
alln, k e N

T o) = § Sar ) (S )

wEW 1k WEWp 4k

< 3 D) § S

wWEWN, weEWY
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Since W, and Wj are arbitrary it follows that ¢,++(f, Q,C) < ¢.(f,Q.C) - a(f,Q,C).
This implies the required subadditivity concluding the proof. O

Next we show that this feedback invariance pressure coincides with the inner in-

variance pressure introduced in Definition and it generalizes the Theorem [1.4.11

Theorem 4.2.3. If f € C(U,R) and Q is a strongly invariant compact subset of X, then

Pinv,int(fa Q) = be(fa Q)

Proof. First we prove the inequality Pnyint(f, Q) < Pw(f, Q). Let C = (A, 7,G) be an
invariant open cover. Then for n € N, every generating set WV, of controls for C is a

(n7, Q,intQ)-spanning set and hence

— 3 (San)(w) < (San)(w)
anr(f.Q) =inf ) e <) e ,

weS wEeEW,

where the infimum is taken over all (n7, @), intQ))-spanning set S. It follows that a,,-(f, Q) <

¢ (f,Q,C) and therefore

.1 o1
an,int<f7 Q) = nlg{)lo E log an7<f7 Q) S nlggo E log Qn(f7 Qa C) = be(fv Qv C)

Since this holds for every invariant open cover C, we conclude

Pinv,int(f7 Q) < Hgf be<f7 Qac) = be(fa Q)a

where the infimum is taken over all invariant open covers C of Q.

To show that Py (f, Q) < Pnvint(f, @) we construct an invariant open cover for 7 €

N. Let S be a (7, @, intQ))-spanning set. For each w € S consider
Alw) ={z € Q; ¢(j,z,w) €intQ forj =1,...,7}

The set A = {A(w); w € S} forms a finite open cover of (). Now defineamap G : A —
U™ by
G(A(U))) = (WO, . ,w.,-,1>.

Clearly, C := (A, 7, G) is an invariant open cover of ().
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Recall that a € AY defines a control w(a) and for n € N the set B, () is given by
By(a) :={x € X; p(it,z,w(a)) € A; fori =0,1,...,n— 1}.

These sets form on open cover B,, = B,,(C) of (). Consider a generating set of feedback
controls of the form

W = {w(ay); a; € AN fori € I},

hence the sets B, («;),i € I, form a subcover of B,,(C) which is minimal. Therefore

T e = $7 (SN SO (SO D7)

wEW, wEBR
< (Z e(Srf)(w)> (Z e(&f)(@m)) (Z €<sff)(0(n—1m>>
weBy, wEBy, wEBn
< (Z e(STf)(w)> '
weS

Since the previous inequality holds for all finite (7, @, intQ)-spanning sets S, it follows

that ¢, (f, Q,C) < [a,(f,Q)]" for all n € N. Hence

Pal£,Q.€) = lim loggu(£,Q.C) < Tim —log [a-(f, Q)]

= Lloga(£,Q).

Using Proposition we conclude that

Pa(f,Q) = inf Po(£,@.€) < inf ~log (£, Q) = Pavine( /. Q)

4.3 A Note on Transmission Data Rate

It is well known that the topological feedback entropy characterizes the smallest pos-
sible data rate that permits a specified compact set to be made invariant, by a causal

coding and control law belonging to a general class (cf. [27, Theorem 2.1] and [32, The-
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orem 1]). Our goal in this section is to get a weighted version of this result by extending
the definition of transmission data rate of a channel presented in [32] and relate this to

the topological feedback pressure.

Suppose that a sensor, which is connected to a controller by a noiseless digital chan-
nel, measures the state at discrete sampling times 7, & > 0, say 7, = k. At time 7,
one discrete-valued symbol s, from a finite coding alphabet S}, of time-varying size is

transmitted.

Each symbol transmitted by the coder may depend on all past and present states

and past symbols, that is, we have a coder mapping v, : X L Sp X -+ X Sk —

Sk, Ye(xo, -+, Tk, S0, -+, Sk—1) = Sk. Assuming that the digital channel is errorless,
at time 7, the controller has s, - - , s available and generates a control value v, =
dx(S0, - -+ , k), where ¢, is the controller mapping dx : So X - -+ X S, — U We define the

coder-controller as the triple
H = (87 7, 5) = ({Sk?}k?EN()? {’Yk‘}k‘EN()) {5k}kENo)'

The generalized transmission data rate of the channel with weight f is defined as

the asymptotic weighted average bit rate

]' H
= lim inf — 3 (S24) (50, 51-1)
R(f,H) .-hﬁg}fklog (SN0, s1-1) |

(s0,,sk—1)ETF =y Si

where

(SEf)(s0, -+ sk—1) == f(Bo(s0)) + f(01(s0,81)) + -+ + f(Or—1(s0, -+, 55-1))

k-1
= f(6i(s0,-- -, 51)).
i=0
Remark 4.3.1. Note that if we do not put any weight on the control values, i.e., if f is the null
function 0, then the generalized transmission data rate R(0,H) coincide with the transmission

data rate R presented in [32, Section III].

Now, let @ C X be a strongly invariant set. We say that a coder-controller (S, ~,d)
renders () (strongly) invariant if for every z, € @, the sequence of states (z)xen, gen-

erated by the coder-controller satisfies z;, € int() for all k£ > 1.
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System

Tr+1 = F(S% Uk)

Controller Coder

noiseless digital channel
Theorem 4.3.2. For every f € C(U,R) we get

where the infimum is taken over all coder-controllers H = (S,~,0) that render ) strongly

invariant.

Proof. Givene > 0, there exists an invariant open cover C = (A, 7, G) such that Py, (f, Q,C)—
Py (f,Q) < 5. Since
. 1
be(fa Q)C) = .hm - 1Og Qj(fv Q,C),
j—o0 §T

thereis j := j(¢) € N with

J.iTlog 0(f,Q,C) < Pu(f,Q,0) + =

Fixing such j, let W; = {w(), - - - ,w(ay,)} be a generating set of feedback controls (of
length j7) for C such that

—1og Y e < —logqj(f Q.C) +
weW; JT
(here we used that log is continuous and increasing), hence we obtain an open subcover
{B(aq), - ,B(am)} of Bj. We construct a periodic coding law using these possibly

overlapping sets via the rule

min{o; =y € B(ay,)}, if k€ (j7)Np
S =
1, otherwise
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In order to build the controller, note that once received the symbol s;;;) = o which

index an open set B(a, ), hence there are A7, ..., A7 | € Asuch that

B(a,) ={z € X; o(rr,z,w(a,)) € A7, forr =0,1,--- ,j — 1}.

Giveno € {1,--- ,m}, the controller will generate inputs via the periodic rule
w@) = (ug,... Ve 1y Uy -y Uar ey UG 1)y -y U1
G(A7) G(AD) G(AT_,)
,yun cee au(lj+1)7—71,35(lj+1)77 w4 2)r—10 - - U((IH1) =) s - - - 7u(l+1)j7711a o )
G(Ag) G (A7) GA7_,)

where o/ is the j-periodic sequence in A given by

o, = (A, o VAT AT AT ).

J—b =D

It is important to note that for i = 0,...,j7 — 1, we have w(a,); = w(al); =

0i(s0,1,...,1). Hence

(Surf)(wlag)) = (Surf)(wlay)) = (Sp2f)(s0, 1, 1).

By definition of invariant open covers this yields ;... € intQ and hence, the

constructed coder-controller renders () invariant.
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Denoting by )/NVJ the set {w(a)),...,w(a,)}, we obtain

1
R(f,H) = lilgninfglog Z (ST (50,0 51)
—00
(50, ysk—1)E[TFZy Si
= 11]£r_1>1£f I log Z Lk/(jT)J(Sj?;t_f)(SO,Lm71)

(s0,1,+ ,1)E[TIZ, ' S

1 2
— liminf = i (Sjr f)(w)
= liminf - log e|- ] E e

k—o0 —
wGWj
1|k
pmint || s Z :
weW;
1
- ] (SjrHw) — _1 Sir f)(w
Tig Y e o5 3
wer weWJ

IA

1
1086, (£,Q.0)+ 7 < Aulf.Q.0)+ 5

Therefore

R(f, 1) — Po(f,Q) = (R(f,;H) - Po(f,Q,C)) + (Pu(f,Q,C) — Pu(f.Q))

IN

For the reverse inequality, let H := (S,7,0) be a coder-controller that renders @

invariant. Given ¢ > 0, there exists [ € N such that

1

7 log Z eSTDGo -0 | R(FH) + e (4.3-7)
(S ©,S1— 1)€Hl 1 S

Then, we can build a periodic coder-controller H := (S ~7, §) with period [ as

P ._
Sk T Slc mod [

Sk = 715({%}?:0’ {si f:01> =Tk modl({zz}z I|k/L) {Sz i= lUf/lJ)
we = 04 ({8i}i20) = 0k moa 1({si}imyy))

By construction, this new coder-controller also renders () invariant. Writing each k& €

N as k = pil + g, with p, € Ny and ¢, € {0,---,l — 1}, the associated generalized



4.3 A Note on Transmission Data Rate 92

transmission data rate R(f, H") can be computed as

R(f, H")
1 "
— 3 3 _ (S f)(s y s Sk— )
= h]ggggfklog Z e(SE ) (05 561
(SO)"' 7sk71)enf:_()l SZP
1 "
— Liminf = (SiF (s, 8k-1)
= 11]£r_1>£fklog Z oSk (50, 3551
(s0,+sk—1)EITIZg Si mod 1
< liminf lo epk(sﬁf)(sowwszfl)Jr% sup f 4.3-8
T koo prl 4+ qi & Z l ( )
(807"'75l—1)eni;é Sz
— liminf —% sup f + lim inf Pr log Z (ST ) (50, 51-1)
k—oo il + g k—oo prl + gy -
(SO,"',SZ,1)€H1:O S;
= 1log Z (ST ) (50, 1s1-1)
l
(507"'75171)61_[2;(1) Sz
Analogously we can show that
R(f7 HP) 2 %log Z e(Sle)(SO:’“,Slfl) ,

(s0,s1-1) €T\ 28 Si

replacing the sup f by inf f in the inequality hence we obtain the equality

R(f, HP) = 1log Z e(Stf)(s0, 5s1-1)

[
(s0,s1-1) €120 Si

With 4.3-7 this implies R(f, H”) < R(f,H) + ¢. Each sequence of symbols in Sy x - - - X
Si—1 defines a coding region in X which is defined as the set of all initial states + which
force the coder to generate this sequence. The total number n of nonempty and disjoint
coding regions is less than or equal to [[._; #S;. Let C,,--- ,C, denote these coding
regions and note that Q@ C U,C;. From H we can now construct an invariant open
cover C = (A, 7,G) of @ as follows: The time 7 is set to [. For every z, in one of the
coding regions C; = Cj(co, - - - , ¢;—1) there exists an open neighborhood N (z() such that
forevery yy, € N(z¢) the same sequence (¢, - - - ,¢;—1) of symbols gives yy, - - -,y € intQ,

due to continuity of the transition map with respect to the state variable. Thus, we
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can “blow up” the sets C; by setting A; = U,,ec,N(zo). This defines the open cover
A ={Ay,---,A,} of Q. Finally, the mapping sequence G is defined by G(A;) := the
symbol sequence (cy, - - - , ¢;—1) corresponding to the coding region C;. By construction,
it is clear that (A, 7, () is an invariant open cover. The pressure of C = (A, 7, () can be

estimated by

Polf,Q.0) = lim —logg,(f.Q.C)

j—o0 JT

< hm ilog e(Sle)(soz'“vslfl)

J—0o0 )T 1
(507"' 3S1—1 EH,L':Q Si

1 H
— _ (S f)(S 7--~,37)
= llog( E e 7r RS0t 1).
( 0 Si

80, 78171)61_[&_

Therefore

Pu(f,Q) < Pu(f,Q,C) < R(f,H") < R(f,H) +e.

Taking € \, 0 we get Py (f, Q) < R(f, H). ]
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